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a  b  s  t  r  a  c  t

This  paper  investigates  US  Treasury  market  volatility  and  develops  new  ways  of dealing  with  the under-
lying  interest  rate volatility  risk. We  adopt  an  innovative  approach  which  is based  on a  class  of model-free
interest  rate  volatility  (VXI)  indices  we  derive  from  options  traded  on  the CBOE.  The empirical  analysis
indicates  substantial  interest  rate volatility  risk for medium-term  instruments  which  declines  to  the  lev-
els  of  the  equity  market  only  as  the  tenor  increases  to 30 years.  We  show  that  this  risk  appears  to be
priced  in  the  market  and  has  a significant  time-varying  relationship  with  equity  volatility  risk.  US  Trea-
sury  market  volatility  is appealing  from  an  investment  diversification  perspective  since  the  VXI  indices
are  negatively  correlated  with  the  levels  of interest  rates  and  of  equity  market  implied  volatility  indices,
respectively.  Although  VXI  indices  are affected  by macroeconomic  and  monetary  news,  they  are  only par-
tially  spanned  by  information  contained  in the  yield  curve.  Motivated  by our  results  on the  magnitude
and  the  nature  of  interest  rate  volatility  risk  and  by the  phenomenal  recent  growth  of  the equity  volatil-
ity  derivative  market,  we  propose  the  use  of  our  VXI  indices  as  benchmarks  for  monitoring,  securitizing,
managing  and  trading  interest  rate  volatility  risk.  As  a first step  in  this  direction,  we  describe  a framework
of  one-factor  equilibrium  models  for pricing  VXI  futures  and  options  on  the  basis  of  empirically  favored
mean-reverting  jump-diffusions.

© 2017  Published  by  Elsevier  Inc.  on  behalf  of Board  of Trustees  of  the  University  of  Illinois.

1. Introduction

The volatility of interest rates is of prime importance to
monetary authorities, financial institutions, policy makers and
journalists since interest rates have such a central position in eco-
nomic theories, models and systems. Bond and foreign exchange
market participants are also particularly concerned about the
future evolution and variability of interest rates since volatility
is a protagonist in the pricing, hedging and risk management of
financial instruments involving interest rates (Chapman & Pearson,
2001; Ederington & Lee, 2007). Researchers have examined vari-
ous hypotheses and uncovered stylized facts, but there is no strong
consensus yet in the empirical literature on how interest volatil-
ity should be measured and modeled. More importantly, although
we now understand well that interest rate volatility exhibits large
swings (Ait-Sahalia, 1996; Amin & Ng, 1997; Andersen & Lund,
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1997), we know much less about how this particular risk should
be monitored and dealt with (existing risk management practices
are reviewed by Ho, 2007).

Expanding on an idea originally mentioned in Brenner and Galai
(1989), we take a fresh look at interest rate volatility by employ-
ing ideas and tools from the extensive recent research on volatility
indices in equity markets. This allows us to make a number of
significant extensions to the literature. Specifically, using a well-
established model-free methodology, which was  first used for the
VIX equity market volatility index, we build a set of new metrics
for interest rate volatility. These metrics are employed as prox-
ies of expected volatility for Treasury market instruments on the
basis of information contained in interest rate options traded on
the Chicago Board Options Exchange (CBOE). We  study the daily
empirical behaviour of three VXI indices with maturities of 5 years,
10 years and 30 years, respectively, over a twelve year period. The
results indicate that implied volatility is substantial in magnitude
and variation. For example, in the case of the 5-year instrument,
volatility is almost double that of the VIX equity volatility index
(39.34% vs. 20.41%). Over the recent credit crisis, levels of implied
interest volatility of medium-term rates increase sharply, more
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than fourfold relative to the past. The negative premium which cor-
responds to interest rate volatility risk is found to be much higher
in magnitude than estimates reported for the equity market. An
important new result is that our estimates of interest rate volatility
risk premia have a significant time varying-correlation with equity
market volatility risk premia. Another interesting finding is that
the VXI indices, as is the case with the VIX index, offer valuable
diversification opportunities to bond and equity investors. Specifi-
cally, our measures of interest rate volatility have a strong negative
correlation with interest rate levels (up to −85.8%) and equity mar-
ket implied volatility index levels (up to −23.5%). In line with
previous research, we show that macroeconomic and monetary
announcements affect significantly implied interest rate volatility
by decreasing (increasing) it the day before (after) an announce-
ment. A new result is that this effect varies across the term structure
and becomes more prominent at the longer maturities studied. We
confirm previous findings in the literature that interest rate implied
volatility is not fully spanned by the information which is contained
in the underlying yield curve. Finally, motivated by our results and
the rapid development of the equity volatility derivative market,
we propose our VXI indices as vehicles for developing options and
futures which can be used for managing and trading interest rate
volatility risk. On the basis of a horserace amongst popular continu-
ous time models for representing the VXI index empirical behavior,
we describe a single-factor pricing framework using autonomous
mean-reverting jump-diffusions.

Our study is closely related to the recent studies of Claes, De
Ceuster, Lópezc, and Navarroc (2010), and of Choi, Mueller, and
Vedolin (2017), where both studies propose the construction of
Treasury bond implied volatility indices. The first study uses data
from the U.S. cap (floor) market, which are portfolios of options
on interest rates traded in the over-the-counter (OTC) interest rate
derivatives market, and the second study uses data from options
on Treasury futures. The empirical results in our paper are based
data from interest rate options traded on the CBOE (for more details
on the specifications of these products see Christiansen & Hansen,
2002; Longstaff, 1990). Although this market may  not be as large
as the interest rate option markets used by Choi et al. (2017), these
options are of particular interest because of two reasons. First, since
they are written directly on the rates (yields), they allow the con-
struction of indices that measure the model free implied volatility
of Treasury rates, rather than the implied volatility of Treasury
Bonds (Claes et al., 2010; Choi et al., 2017). Second, they provide
direct insight into the information context of the interest rate,
which is implicit in other contingent claims (e.g. Treasury futures
or Eurodollar futures).

The rest of the paper is organized as follows. Section 2 describes
the dataset and the methodology used to construct the interest
rate implied volatility indices. Section 3 presents the results of our
empirical study, Section 4 develops valuation formulae for futures
and options written on interest rate implied volatility and discusses
some of their key properties, and Section 5 concludes.

2. Methodology and data: interest rate implied volatility
indices (VXI)

Two main approaches are most popular amongst academics
and practitioners for the estimation of interest rate volatility. The
first resorts to historical time series of interest rates in order
to derive estimates of “historical volatility” using unconditional
moment estimators, exponential moving averages, ARCH models,
stochastic volatility models, etc. (see Ederington & Lee, 2007). The
second approach aims at calculating the “implied volatility” that
equates actual prices of interest rate options with those given by
some theoretical pricing model. Since this estimate reflects mar-

ket data, it incorporates investor expectations, behaviors and risk
attitudes about the future evolution of volatility. Although there
is controversy in the empirical literature about which approach
is superior, most researchers seem to agree that implied volatil-
ity is better than historical volatility in terms of forecasting power
(Christensen & Prabhala, 1998; Li & Yang, 2009; Poon & Granger,
2003; Szakmary, Ors, & Kim, 2003). A third nonparametric approach
employs intraday price data to derive so-called realized volatility
measures (Andersen & Benzoni, 2010). Although this last approach
is known now to be theoretically and empirically appealing, it is
still not widely applied due to the significant data requirements it
has.

Turning now to interest rates in particular, previous empiri-
cal research on implied volatility is based on estimates derived
by inverting observed option prices using a specific option pricing
model. Amin and Morton (1994), and Amin and Ng (1997) are using
the Heath, Jarrow, and Morton (1992) model, while the studies by
Christiansen and Hansen (2002), and Claes et al. (2010) estimate
implied volatility via the LIBOR market model. Unfortunately, the
implied volatility estimation approach used by the above studies
comes with two  important disadvantages. First, the accuracy of the
estimates depends critically on the validity of the option pricing
model assumed. Second, at any particular moment, there are as
many implied volatility estimates as strike prices of the options.
In order to overcome such problems, Britten-Jones and Neuberger
(2000) and Jiang and Tian (2005) propose a general model-free
methodology that calculates implied volatility using the entire set
of the option prices at a certain point of time. In both studies, the
authors provide evidence that the model-free implied volatility
is better than both historical volatility and model-driven implied
volatility.

In recent years there has been a great deal of research also on the
construction and the properties of equity implied volatility indices
(Carr & Wu,  2006; Gio, 2005; Whaley, 1993, 2009). The first volatil-
ity index (VIX) was introduced in 1993 by the CBOE. Soon after the
introduction of the index, CBOE received strong criticism regard-
ing the methodology used for the calculation of VIX. Originally the
VIX was  calculated as an average of the Black-Scholes at-the-money
(ATM) option implied volatility, according to the methodology pro-
posed by Whaley (1993). As a response, on September 22, 2003,
the CBOE changed the Black-Scholes based methodology of VIX
calculation. The new VIX methodology is model-free and allows
VIX to be robustly replicated by a portfolio of options (see CBOE,
White Paper, 2009 and Carr & Wu,  2006, for a detailed description
of the “new” VIX methodology and for a comparison of the two
methodologies).1 Specifically, the new VIX implied volatility index
is constructed as the weighted sum of out-of-the-money (OTM) call
and put option closing prices at two  nearby maturities across all
available strikes. The implied volatility index captures the implied
volatility of a synthetically created ATM option with a constant
maturity of 30 days. Several other equity implied volatility indices
have also been developed. These include the VXN, the VXD and the
RVX in the CBOE, which are the equivalent to VIX implied volatility
indices for the NASDAQ, Dow Jones Industrial Average and Russell
2000 Index, respectively. Similarly, we  have the DAX-30 volatil-
ity index (VDAX-NEW) in Germany, the CAC-40 volatility index
(VCAC) in France and the Dow Jones EURO STOXX 50 volatility index
(VSTOXX) in the Eurex. Given the great success of equity implied
volatility indices and the rapidly expanding market for volatility
futures and options, CBOE recently decided to launch three more
implied volatility indices in different asset classes than equity: the

1 CBOE still quotes the “old” VIX, which is calculated with the old methodology,
under the ticker “VXO”. All volatility indices, apart from VXO, quoted in CBOE are
calculated with the new model free methodology.
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