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a b s t r a c t 

Under the Fundamental Review of the Trading Book, capital charges are based on the coherent Expected 

Shortfall (ES) risk measure, which is sensitive to tail risk. We argue that backtesting of the forecasting 

models used to derive ES can be based on a multinomial test of Value-at-Risk (VaR) exceptions at sev- 

eral levels. Using simulation experiments with heavy-tailed distributions and GARCH volatility models, 

we design a statistical procedure to show that at least four VaR levels are required to obtain tests for 

misspecified trading book models that are more powerful than single-level (or even two-level) binomial 

exception tests. A traffic-light system for model approval is proposed and illustrated with three real-data 

examples spanning the 2008 financial crisis. 

© 2018 Elsevier B.V. All rights reserved. 

1. Introduction 

Techniques for the measurement of risk are central to the pro- 

cess of managing risk in financial institutions and beyond. In bank- 

ing and insurance it is standard to model risk with probability dis- 

tributions and express risk in terms of scalar-valued risk measures. 

Formally speaking, risk measures are mappings of random variables 

representing profits and losses (P&L) into real numbers represent- 

ing capital amounts required as a buffer against insolvency. The 

seminal work of Artzner et al. (1999) proposed a set of desirable 

mathematical properties defining a coherent risk measure, includ- 

ing the important axioms of subadditivity , which requires that the 

benefits of diversification in a risky portfolio are respected, and 

positive homogeneity , which requires a linear scaling of the risk 

measure with portfolio size. 

The two main risk measures used in financial institutions and 

regulation are Value-at-Risk (VaR) and expected shortfall (ES), 
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the latter also known as Tail Value-at-Risk (TVaR) or Conditional 

Value-at-Risk (CVaR). VaR is defined as a quantile of the P&L dis- 

tribution and, despite the fact that it is not coherent, it has been 

the dominant risk measure in banking regulation. It is also the risk 

measure used in Solvency II insurance regulation in Europe, where 

the Solvency Capital Requirement (SCR) is defined to be the 99.5% 

VaR of an annual loss distribution. Expected shortfall at level α
is the conditional expected loss given exceedance of VaR at that 

level and is a coherent risk measure ( Acerbi and Tasche, 2002; 

Tasche, 2002 ). For this reason, and also because it is a more tail- 

sensitive measure of risk, it has attracted increasing regulatory at- 

tention in recent years. ES at the 99% level for annual losses is the 

primary risk measure of the Swiss Solvency Test (SST). As a result 

of the Fundamental Review of the Trading Book ( Basel Committee 

on Banking Supervision, 2013 ) a 10-day ES at the 97.5% level will 

be the main measure of risk for setting trading book capital under 

Basel III ( Basel Committee on Banking Supervision, 2016 ). 

For a given risk measure, the key practical challenge is to es- 

timate it accurately using statistical models, and to validate esti- 

mates by checking whether realized losses, observed ex post, are 

in line with the ex ante estimates or forecasts. The statistical pro- 
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cedure by which we compare realizations with forecasts is known 

as backtesting. 

The aim of this paper is to propose a simple approach to back- 

testing, which may be viewed in two ways. On the one hand, we 

suggest a natural extension to standard VaR backtesting that al- 

lows us to test VaR estimates at different probability levels; on the 

other hand, our approach can be viewed as providing an implicit 

backtest for ES. 

Fundamental questions have been raised in the statistical fore- 

casting literature about what it means to backtest a sequence 

of risk measure estimates or forecast models. Although ES ap- 

pears to be a more suitable risk measure than VaR because of 

its coherence and tail sensitivity, it has been shown that, in con- 

trast to VaR, it lacks the property of elicitability ( Gneiting, 2011 ). 

Since elicitable risk measures admit so-called consistent scoring 

functions for comparing competing forecasts of the risk measure, 

this has been interpreted as calling into question our ability to 

backtest ES estimates. However, ES has been shown to be condi- 

tionally elicitable ( Emmer et al., 2015 ) and jointly elicitable with 

VaR ( Fissler and Ziegel, 2016 ), and a number of papers demonstrate 

that it is certainly possible to devise backtests based on ES and 

VaR estimates that are are sensitive to systematic underestimation 

of ES, a primary concern of regulators ( Neil and Frey, 20 0 0; Nolde 

and Ziegel, 2017; Acerbi and Szekely, 2017 ). 

The literature on backtesting VaR estimates is large and based 

on the observation that when VaR at level α is accurately esti- 

mated, the VaR exceptions , that is the occasions on which real- 

ized losses exceed VaR forecasts, should form a sequence of in- 

dependent, identically distributed Bernoulli variables with prob- 

ability (1 − α) . The simple binomial test for the number of 

exceptions is often described as a test of unconditional cov- 

erage, while a test that also explicitly examines the indepen- 

dence of exceptions is a test of conditional coverage. Impor- 

tant contributions to VaR backtesting include Kupiec (1995) , Davé

and Stahl (1998) , Christoffersen (1998) , Christoffersen and Pel- 

letier (2004) and the overview article of Berkowitz et al. (2011) . 

Colletaz et al. (2013) consider the construction of a VaR backtest 

at two levels and introduce the concept of a risk map to account 

for both the number and magnitude of extreme losses (see also 

Wied et al. (2016) ) for multivariate backtests). 

The literature on ES backtesting is smaller but rapidly in- 

creasing since the publication of the recommendations of FRTB. 

Tests may be categorized into those which make explicit refer- 

ence to estimates of ES and VaR and those, like the ones pro- 

posed in the current study, which test ES estimates implicitly by 

testing aspects of the tail models from which they are directly 

derived. Among the explicit approaches are the test of Neil and 

Frey (20 0 0) based on violation residuals, the Monte Carlo hypoth- 

esis test of Acerbi and Szekely (2014) and the recent ridge backtest 

of Acerbi and Szekely (2017) . 

Most implicit tests can be viewed or represented as tests based 

on threshold exceedances by PIT (probability-integral-transform) 

values. PIT values are estimates of the probability of observing ex 

post losses up to a certain level according to the underlying fore- 

cast model; they should form an iid uniform sample when fore- 

cast models are consistent with ex post losses. Diebold et al. (1998, 

1999) showed how PIT values can be used to evaluate the overall 

quality of density forecasts and Berkowitz (2001) proposed a test 

of forecast distributions in the tail based on the idea of truncating 

PIT values above a level α. Blum (2004) proposed a variety of ex- 

tensions of PIT methodology to overlapping forecast intervals, mul- 

tiple forecast horizons and the validation of ES estimates which 

have been used in some reinsurance companies for more than a 

decade. 

Implicit tests of ES that are effectively based on functions of PIT 

exceedances include the test of Kerkhof and Melenberg (2004) , the 

Z-test proposed by Costanzino and Curran (2015) , which applies to 

any so-called spectral risk measure , and the related test of Du and 

Escanciano (2017) , based on the concept of a cumulative violation 

process ; see also Costanzino and Curran (2018) where an implicit 

ES backtest is used to propose a traffic-light system analogous to 

the Basel system for VaR exceptions. 

Although the FRTB has recommended that ES be adopted as the 

main risk measure for the trading book under Basel III ( Basel Com- 

mittee on Banking Supervision, 2016 ), it is notable that the back- 

testing regime will still largely be based on VaR exceptions at the 

99% level, albeit also for individual trading desks as well as the 

whole trading book. The Basel publication does however state that 

banks will be required to go beyond the basic mandatory require- 

ment to also consider more advanced backtests. A number of pos- 

sibilities are listed including: tests based on VaR at multiple levels 

(97.5% and 99% are explicitly mentioned); tests based on both VaR 

and ES; tests based on PIT-values. 
The idea of a multilevel VaR backtest serving as an implicit 

backtest of expected shortfall stems naturally from an approxima- 
tion of ES proposed by Emmer et al. (2015) . Denoting the ES and 

VaR of the distribution of the loss L by ES α(L ) and VaR α(L ) , these 
authors show that 

ES α(L ) ≈ 1 

4 
[ q (α) + q (0 . 75 α + 0 . 25) + q (0 . 5 α + 0 . 5) + q (0 . 25 α + 0 . 75) ] 

(1.1) 

where q (γ ) = VaR γ (L ) . This suggests that an estimate of ES α( L ) de- 

rived from a model for the distribution of L could be considered 

reliable if estimates of the four VaR values q (aα + b) derived from 

the same model are reliable. It leads to the intuitive idea of back- 

testing ES via simultaneously backtesting multiple VaR estimates 

at different levels. 

In this paper we propose multinomial backtests of VaR excep- 

tions at multiple levels, examining the properties of the tests and 

answering the following main questions: 

Q1. Does a multinomial test work better than a binomial test for 

model validation? 

Q2. What type of multinomial test should be used? 

Q3. What is the optimal number of quantiles that should be used 

in terms of size, power and stability of results, as well as sim- 

plicity of the procedure? 

A guiding principle of our study is to provide a simple and reli- 

able statistical test which is not much more complicated (concep- 

tually and computationally) than the binomial test based on VaR 

exception counts that dominates industry and regulatory practice. 

We require a test where size can be accurately controlled and 

where we can attain reasonable power to reject models that give 

poor estimates of the tail, which would lead to poor estimates of 

expected shortfall. Although we certainly aim to provide tests that 

are much more powerful than the binomial test, the maximiza- 

tion of power is not the overriding concern. Our proposed backtest 

might be beaten for power by other tests based on PIT values, but 

it gives impressive results nonetheless and we believe it is a much 

easier test to interpret for practitioners and regulators. It also leads 

to a very intuitive traffic-light system for model validation that ex- 

tends and improves the existing Basel traffic-light system. 

The structure of the paper is as follows. Sections 2 and 3 form 

the core material of the study. The multinomial backtest is defined 

in Section 2 and three variants are proposed: the standard Pear- 

son chi-squared test; the Nass test; a likelihood ratio test (LRT). 

Section 3 contains a large Monte Carlo simulation study in several 

parts to demonstrate the performance of the tests in different sit- 

uations. 

In Section 4 we give our views on the best design for the back- 

test. We also show how a traffic-light system may be designed. In 
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