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Abstract 

Under the concept of "Industry 4.0", production processes will be pushed to be increasingly interconnected, 
information based on a real time basis and, necessarily, much more efficient. In this context, capacity optimization 
goes beyond the traditional aim of capacity maximization, contributing also for organization’s profitability and value. 
Indeed, lean management and continuous improvement approaches suggest capacity optimization instead of 
maximization. The study of capacity optimization and costing models is an important research topic that deserves 
contributions from both the practical and theoretical perspectives. This paper presents and discusses a mathematical 
model for capacity management based on different costing models (ABC and TDABC). A generic model has been 
developed and it was used to analyze idle capacity and to design strategies towards the maximization of organization’s 
value. The trade-off capacity maximization vs operational efficiency is highlighted and it is shown that capacity 
optimization might hide operational inefficiency.  
© 2017 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the scientific committee of the Manufacturing Engineering Society International Conference 
2017. 
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1. Introduction 

The cost of idle capacity is a fundamental information for companies and their management of extreme importance 
in modern production systems. In general, it is defined as unused capacity or production potential and can be measured 
in several ways: tons of production, available hours of manufacturing, etc. The management of the idle capacity 
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Abstract

By applying the Simplex Algorithm, Matlab, or WolframAlpha one of these two answers is obtained: there is (a) solution or there
is no solution. We continue the investigation started in [1], where two more subcases were attached when the solution exists. We
give also several examples, in which we are able to further specify the standard answers given by Simplex Algorithm or/and by
the computer algebra systems implemented for the linear programming problems. The problems are solved here by our extended
algorithm. In the case of multiple solutions, we are able to select the closest one to a previously given point. A model of an electric
power system is used to exemplify this goal.
c© 2018 The Authors. Published by Elsevier B.V.
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1. Introduction

The standard form of a linear programming problem with data c ∈ Rn, A ∈ Mm,n(R), and b ∈ Rm is considered to
be 

〈c, x〉 −→ min
A · x = b
x ≥Rn 0n.

(1)

Two algorithms are usually used: the simplex algorithm [2–4] and the interior point algorithm [5], the last one
implemented in Matlab [7] and WolframAlpha [8].

The commonly used simplex algorithm has two exits: either provides a solution when the problem has one or
establishes that there is no solution for the problem, the objective function being unbounded. Very recently, in [1] we
proposed a continuation of the algorithm when at least a solution exists and to decide whether or not the solution is
unique. Our comments were related to the procedures to obtain multiple solutions if there is the case.

We give examples when the solution is not a unique point to illustrate the new cases in the proposed algorithm,
when the bounded set of solutions is as a convex combination of solutions or/and the unbounded set of solutions,
respectively. These were formulated in [1].
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Example 2.1. Let us consider the linear programming problem


x1 − x2 − 3x3 + 5x4 −→ min
−x1 + x2 + x3 + x4 = 1

x1 − 2x2 + 3x3 + x5 = 2
x1 − x2 + x6 = 3
x1, ..., x6 ≥ 0,

(2)

with data c = (1,−1,−3, 5, 0, 0), A = (Aj) j∈{1,...,6}, where A1 =


−1

1
1

 , A
2 =


1
−2
−1

 , A
3 =


1
3
0

 , A
4 =


1
0
0

 , A
5 =


0
1
0

 ,

A6 =


0
0
1

 , and b =


1
2
3

 .

The canonical basis {A4, A5, A6} is primal admissible. We have B = {4, 5, 6} (as input in step 1) the set of indexes
for which b =

∑
j∈B α0 jA j. By the simplex algorithm, one gets {A1, A2, A3} as optimal basis, so B = {1, 2, 3} (as output

in step 4).
The solution xB has the components xB

j = α0 j, if j ∈ B, else xB
j = 0, and it is

xB = (16, 13, 4, 0, 0, 0) ∈ R6,

the same with the one generated by WolframAlpha

LinearProgramming[{1,−1,−3, 5, 0, 0}, {{−1, 1, 1, 1, 0, 0}, {1,−2, 3, 0, 1, 0}, {1,−1, 0, 0, 0, 1}}, {{1, 0}, {2, 0}, {3, 0}}].
Given the data c = [1 −1 −3 5 0 0], Aeq = [−1 1 1 1 0 0 ; 1 −2 3 0 1 0; 1 −1 0 0 0 1], beq = [1; 2; 3], lb = zeros(1, 6),

x = linprog(c, [ ], [ ], Aeq, beq, lb, [ ]), the solution obtained by Matlab is

x = (102.8876, 99.8876, 4.0000, 0, 86.8876, 0).

Note that the set of solutions for (2) can be written as

{xB + α · (x − xB) |α ≥ 0}.

Remark 2.1. Related to the case a2α from Step 4 of the Simplex Algorithm 2.0 we cannot conclude on the bounded-
ness of the solution set of (1). Indeed, the set of solutions could be bounded or unbounded (see [1]), which can be
seen by the following two problems:

1. 

x1 + x2 + x4 −→ min
x1 + x3 − x4 = 2

x2 − x3 + 2x4 = 3
x1, x2, x3, x4 ≥ 0,

(3)

with the complete solution (convex) bounded. Problem (3) reduces to the system of inequalities



x3 − x4 ≤ 2
−x3 + 2x4 ≤ 3

x3, x4 ≥ 0,
that represents co{(0, 0), (2, 0), (7/2, 5), (0, 3)}.

2. 

x1 + x2 −→ min
x1 + x3 − x4 = 2

x2 − x3 + x4 = 3
x1, x2, x3, x4 ≥ 0,

(4)
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A simple application for an electric power system is given to find the closest solution of (1) to a given point.

2. The Simplex Algorithm 2.0

In Step 4 we add the situations that provide the multiple solution and we are going to use a2α for the application
in section 2.1.

Algorithm

Step 1. Chose primal admissible base B generated by matrix A = (Aj) j∈{1,2,...,n};
Determine α0 j ( j ∈ B := { j ∈ {1, 2, ..., n} | Aj ∈ B}) such that b =

∑
j∈B α0 jA j;

Step 2. Determine αi j (i ∈ B := {1, 2, ..., n} \ B, j ∈ B) such that Ai =
∑

j∈B αi jA j;
Step 3. Compute

αi0 =
∑
j∈B
αi jc j − ci,∀i ∈ B; α00 =

∑
j∈B
α0 jc j;

Step 4. Look for the signs of the numbers αi0 (i ∈ B)

a) ∀i ∈ B, αi0 ≤ 0 then declare: ”point x0 ∈ Rn, with the components x0
j = α0 j, if j ∈ B, x0

j = 0, if j ∈ B; is a
solution for problem (1) and α00 is the minimum value of the objective function”;

a1) max
i∈B
αi0 < 0, then declare: ”x0 is the unique solution generated by B”.

s := 1;
a2) max

i∈B
αi0 = 0, then declare: ”x0 is NOT the unique solution”;

form the set
B0 = {i ∈ B |αi0 = 0} = {ī1, ī2, ..., īp};

a2α) ∃ī ∈ B0, ∃k ∈ B such that αīk > 0;
Replace in the optimal base B, vector Aī with Ak, and go to Step 6 to find solution xs;
and declare: ”each element of the convex hull of {x0, xs} is solution for problem (1)”;
s := s + 1; go to case a2;
and declare: ”each element of the convex hull of {x0, ..., xs−1}s≥1 is solution for problem (1)”;

a2β) ∀ī ∈ B0, ∀k ∈ B, αīk ≤ 0 then declare: ”the set of solutions is unbounded”;

b) ∃i ∈ B, αi0 > 0 then form the set
B+ = {i ∈ B |αi0 > 0};

Step 5. ∀i ∈ B+, Look for the signs of the numbers αi j ( j ∈ B)

a) ∃i ∈ B+ such that ∀ j ∈ B, αi j ≤ 0 then declare: ”the objective function for (1) is unbounded from below
over S , therefore (1) has no solution”.

b) ∀i ∈ B+, ∃ j ∈ B such that αi j > 0, chose an index h ∈ B+;

Step 6. Chose an index k ∈ B such that αhk > 0 and

α0k

αhk
= min

{α0 j

αh j
| j ∈ B, αh j > 0

}
;

Step 7. Replace in B, vector Ak with Ah then go to Step 2.

We gave in [1] the following commonly used example that exemplifies the uses of its extension.
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