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We consider the feasibility problem of integer linear programming (ILP). We show that 
solutions of any ILP instance can be naturally represented by an FO-definable class of 
graphs. For each solution there may be many graphs representing it. However, one of 
these graphs is of path-width at most 2n, where n is the number of variables in the 
instance. Since FO is decidable on graphs of bounded path-width, we obtain an alternative 
decidability result for ILP. The technique we use underlines a common principle to prove 
decidability which has previously been employed for automata with auxiliary storage. We 
also show how this new result links to automata theory and program verification.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Alur and Madhusudan in [1] have proposed nested words as a natural graph representation of runs of pushdown au-
tomata (PDA). A run is a sequence of moves which relate consecutive configurations of the PDA. A move is represented by a 
node, and nodes are linked through a linear order capturing the sequence of moves in the run. Further, nodes corresponding 
to matching push and pop moves are also linked together through (nested) matching edges. Thus, nested words naturally 
reflect the semantics of PDA.

This concept of representing runs with graphs has been extended to other classes of automata with multiple stacks and 
queues. For example, runs of multi-stack PDA can be represented as multiply-nested words, i.e. nested words with a nested 
relation for each stack. Similarly, runs of distributed automata can be represented with graphs. A distributed automaton 
consists of a finite number of PDAs communicating through unbounded queues. A natural graph representation for a run 
is composed of a finite number of nested words, each representing an execution of a single PDA, with additional edges 
modelling queues: a node representing the action of sending a message is linked to the corresponding node representing 
the action of receiving that message.

A surprising result by Madhusudan and Parlato shows that those graph representations straightforwardly lead to uniform 
decision procedures for several problems on these automata. In [2], it is shown that the emptiness problem for PDAs as 
well as several restrictions of multi-stack PDAs and distributed automata is decidable, as the class of graphs representing 
the runs of these automata has bounded tree-width, and furthermore it is definable in monadic second-order logic (MSO). 
Thus, checking the existence of an accepting run of those automata is equivalent to the satisfiability of the MSO formula 
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characterising runs on the class of graphs of bounded tree-width. The tree-width of a graph is a parameter that tells how 
close to a tree a graph is [3]. The problem of MSO satisfiability on graphs is undecidable in general, but decidable on the 
class of bounded tree-width graphs [4,5].

Although this is a mathematical reduction from the emptiness problem for automata to MSO satisfiability on graphs, the 
novelty here is not the reduction itself. In fact, since the problem is decidable, one could first solve it and then write an MSO 
formula that is satisfiable on graphs of tree-width 1 if and only if the problem admits a positive answer. In contrast, the 
principle outlined in [2] is that a natural graph representation that logically captures the semantics of these automata–not 
containing algorithmic insights–is sufficient for decidability.

Among the problems that have been shown decidable using this principle we have: (1) state reachability problem [2], 
model-checking of LTL [6,7], and generalised LTL [8] for various restrictions of multi-stack PDA [9–15], and (2) the reachability 
problem [2,16] for subclasses of distributed automata that communicate through unbounded queues [17,18]. The surprising 
aspect is that the new proofs are uniform and radically different from the ones previously proposed in the literature which 
are specifically crafted using different techniques on a case-by-case basis. This strengthens the intuition that a common 
principle governs the decidability of (those) problems. In general, the above principle could be lifted to decision problems. 
Although it may not be always applicable, it is interesting to establish its generality or limits by looking at other decidability 
results known in the literature.

In this paper, we consider the feasibility problem for integer linear programming (ILP, for short) that asks whether, given a 
finite set I of linear constraints, there is an assignment of its variables such that all the constraints are satisfied.1 We show 
that the decidability principle based on bounded tree-width graph representations applies to the ILP feasibility problem in 
a stronger sense as described below.

As a first contribution we give a natural graph representation for the solutions of an instance I of ILP. The nodes of 
the graph represent a unary encoding of the solution, i.e., each node is labelled with exactly one variable of I , and the 
number of nodes with the same label is the value of the corresponding variable in the solution. The edges are used to 
enforce the constraints of the system. For simplicity, consider a system with only one constraint, where each variable is 
associated with one coefficient. Depending on the sign of this coefficient each variable can contribute to the overall value 
of the constraint by either increasing or decreasing it. Each node will have a number of edges equal to the absolute value 
of the corresponding coefficient. We use edges to pair nodes whose corresponding coefficients have different signs. Thus, 
a graph with well-matched nodes is a solution. In case of multiple constraints, we reiterate the above mechanism for each 
constraint individually, labelling the edges with the constraint represented. Since multiple “matchings” are possible for the 
same solution, a solution may have several of those graphs representing it. We prove that the class of graphs representing 
the solutions of an instance I can be defined in first-order logic. See Fig. 1 for an example of a solution for a two-constraints 
system.

In general, the class of graphs representing all solutions may have unbounded path-width. We show that, for any solution, 
there always exists a graph representing it of path-width at most 2n, where n is the number of variables of I , and this 
constitutes the second contribution of the paper. The path-width of a graph measures its closeness to a path (rather than 
a tree, as for tree-width). This provides us with a restriction of the decidability principle outlined above for the case of ILP, 
where bounded path-width is already sufficient as opposed to the general case where the tree-width needs to be bounded.

As a last contribution we define, for each ILP instance I , a finite state automaton AI over the alphabet of I ’s variables, 
such that the Parikh image [19] of AI is exactly the set of all solutions of I . This construction relies on the proof of bounded 
path-width we provide. Furthermore, this automaton can also be seen as a Boolean program P I of size linear in the size of 
I as opposed to the exponential size of AI , such that I is feasible iff a given location in P I is reachable. This gives a symbolic
alternative to solve ILP using program verification tools.

Organization of the paper In Section 2, we give basic definitions on graphs, tree-width, MSO on graphs, and the feasibility 
problem of ILP. In Section 3, we present the graph representation for ILP solutions, and give its FO characterisation. In 
Section 4, we present a new algorithm to solve the ILP feasibility problem. We exploit some of the properties of this 
algorithm to build a graph of bounded path-width for each solution of an ILP instance (in Section 5), and to define a 
finite-state automaton whose Parikh image is the set of all solutions of an ILP instance (in Section 6). We conclude with 
some remarks and future work in Section 7.

Related work Many approaches are known for solving the ILP feasibility problem, based on, e.g., branch-and-bound [20], the 
cutting-plane method [21], the LLL algorithm [22], the Omega test [23], finite-automata theory [24–26]. The latter defines 
finite-automata representations for the set of solutions of an ILP instance but, differently from our approach, they are based 
on representing the binary encodings of the integers involved in the solutions. The exponential bound on the minimal 
solutions of an ILP instance [27] implies that, for any feasible instance I , there is an exponential bound B , such that some 
(but not all) solutions have a graph representation of path-width bounded by B . We prove that there exists a bounded 
path-width graph representation for each solution of an instance I and the bound depends only on the number of variables 
of I .

1 W.l.o.g., we suppose that the variables are interpreted as positive integers and that I contains only equalities.
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