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a b s t r a c t

The aim of this paper is to establish all self-dual λ-constacyclic codes of length ps over the
finite commutative chain ringR = Fpm +uFpm , where p is a prime and u2

= 0. Ifλ = α+uβ
for nonzero elements α, β of Fpm , the ideal ⟨u⟩ is the unique self-dual (α+uβ)-constacyclic
codes. If λ = γ for some nonzero element γ of Fpm , we consider two cases of γ . When
γ = γ −1, i.e., γ = 1 or −1, we first obtain the dual of every cyclic code, a formula for
the number of those cyclic codes and identify all self-dual cyclic codes. Then we use the
ring isomorphism ϕ to carry over the results about cyclic accordingly to negacyclic codes.
When γ ̸= γ −1, it is shown that ⟨u⟩ is the unique self-dual γ -constacyclic code. Among
other results, the number of each type of self-dual constacyclic code is obtained.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Constacyclic codes over finite fields play a very significant role in algebraic coding theory. The most important class of
these codes is the class of cyclic codes,whichhas beenwell studied since the late 1950s. Constacyclic codes also have practical
applications as they can be efficiently encoded with simple shift registers. This family of codes is therefore interesting for
both theoretical and practical reasons.

Given a unit λ of a finite field F, λ-constacyclic codes of length n over F are ideals of the quotient ring F[x]
⟨xn−λ⟩

. In the
literature, most of the research was concentrated on the situation where the code length n is relatively prime to the
characteristic of F. The case where the code length n is not relatively prime to the characteristic of F yields the so-called
repeated-root codes, which were first studied since 1967 by Berman [4], and then in the 1970s and 1980s by several authors
such as Massey et al. [27], Falkner et al. [19], Roth and Seroussi [32]. However, repeated-root codes were investigated in the
most generality in the 1990s by Castagnoli et al. [9], and van Lint [37], where they showed that repeated-root cyclic codes
have a concatenated construction, and are asymptotically bad. Nevertheless, it turns out that such codes are optimal in a few
cases, which motivates researchers to further study this class of codes (see, for example, [11,23,29,35,38]).

After the realization in the 1990s [7,20,28] that many important yet seemingly non-linear binary codes such as Kerdock
and Preparata codes are actually closely related to linear codes over the ring of integers modulo four via the Graymap, codes
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over finite rings have received a great deal of attention. Since 2003, special classes of repeated-root codes over certain classes
of finite chain rings have been studied by many authors (see, for example, [1,5,8,18,30]).

The class of finite rings of the form Fpm + uFpm , where u2
= 0, has been widely used as alphabets of certain constacyclic

codes. For example, the structure of F2 + uF2 is interesting. It can be considered as algebraically lying between F4 and Z4
in the sense that it is additively analogous to F4, and multiplicatively analogous to Z4. Linear codes over F2 + uF2 have
been studied by a lot of researchers (see, for example, [2,3,6,21,33,36]). All constacyclic codes of length 2s over the Galois
extension rings of F2 + uF2 are classified and their detailed structures are established in [13]. In [14], Dinh classified and
gave the detailed structures of all constacyclic codes of length ps over Fpm + uFpm . Recently, Dinh et al. studied negacyclic
and constacyclic codes of length 2ps over the ring Fpm + uFpm in [17] and [10]. The purpose of this paper is to continue this
line of research. We identify all the self-dual λ-constacyclic codes of length ps over Fpm + uFpm , where λ is an arbitrary unit
of the ring Fpm + uFpm , p is a prime number and u2

= 0.
The remainder of the paper is organized as follows. Preliminary concepts and results are presented in Section 2. The units

of the ring R = Fpm + uFpm are of the forms α + uβ and γ , where α, β and γ are nonzero elements of Fpm , which provides
pm(pm − 1) such constacyclic codes. First, we study the self-dual (α + uβ)-constacyclic code of length ps over R and show
that the ideal ⟨u⟩ is the unique self-dual code in Section 3. Section 4 addresses the cyclic codes of length ps over R. These
cyclic codes are completely classified by categorizing the ideals of the local ringR[x]/⟨xp

s
− 1⟩ into four distinct types. After

exhibiting the dual of each type of such cyclic codes, we then identify all self-dual cyclic codes. Finally, in Section 5, we use a
one-to-one correspondence between cyclic and γ -constacyclic codes via the ring isomorphisms ϕ, which allows us to apply
the results about cyclic codes in Section 4 to γ -constacyclic codes except for the results about self-dual codes, since the dual
of a γ -constacyclic code is a γ −1 constacyclic code. To investigate self-dual constacyclic codes, we consider two cases of γ ,
namely, γ = γ −1 and γ ̸= γ −1. When γ = γ −1, i.e., γ = 1 or −1, the results about cyclic codes hold true with negacyclic
codes by replacing x by −x and writing h(x) more explicitly. When γ ̸= γ −1, ⟨u⟩ is the unique self-dual γ -constacyclic code
of length ps over R.

2. Preliminaries

Let R be a finite commutative ring. An ideal I of the ring R is called principal if it is generated by one element. If all the ideals
of R are principal, then R is called a principal ideal ring. R is called a local ring if R has a unique maximal ideal. Furthermore, R
is said to be a chain ring if the set of all ideals of R is a chain under set-theoretic inclusion. The following result is well known
(cf. [15, Proposition 2.1]).

Proposition 2.1. Let R be a finite commutative ring. Then the following conditions are equivalent:

(i) R is a local ring and the maximal ideal M of R is principal, i.e., M = ⟨Γ ⟩ for some Γ ∈ R,
(ii) R is a local principal ideal ring,
(iii) R is a chain ring whose ideals are ⟨Γ i

⟩, 0 ≤ i ≤ e, where e is the nilpotency index of Γ .

Moreover, if R is a finite chain ring with the unique maximal ideal ⟨Γ ⟩ and the nilpotency index of Γ is e, then the cardinality
of the ideal ⟨Γ i

⟩ is |R/⟨Γ ⟩|
e−i, for i = 0, 1, . . . , e − 1.

A code C of length n over R is a nonempty subset of Rn and the ring R is referred to as the alphabet of C . If, in addition, that
C is an R-submodule of Rn, then C is said to be linear. For a unit λ of R, the λ-constacyclic (λ-twisted) shift τλ on Rn is the shift

τλ(x0, x1, . . . , xn−1) = (λxn−1, x0, x1, . . . , xn−2).

A linear code C is said to be λ-constacyclic if τλ(C) = C , i.e., if C is closed under the λ-constacyclic shift τλ. If λ = 1, then
λ-constacyclic codes are called cyclic codes. If λ = −1, then λ-constacyclic codes are called negacyclic codes.

Each codeword c = (c0, c1, . . . , cn−1) ∈ C is customarily identified with its polynomial representation c(x) = c0 + c1x +

· · · + cn−1xn−1, and the code C is in turn identified with the set of all polynomial representations of its codewords. Then in
the ring R[x]

⟨xn−λ⟩
, xc(x) corresponds to a λ-constacyclic shift of c(x). From that, the following fact is well known (cf. [22,26]) and

straightforward:

Proposition 2.2. A linear code C of length n over R is λ-constacyclic if and only if C is an ideal of R[x]
⟨xn−λ⟩

.

Given n-tuples x = (x0, x1, . . . , xn−1), y = (y0, y1, . . . , yn−1) ∈ Rn, their inner product or dot product is defined as usual

x · y = x0y0 + x1y1 + · · · + xn−1yn−1,

evaluated in R. Two n-tuples x, y are called orthogonal if x · y = 0. For a linear code C over R, its dual code C⊥ is the set of
n-tuples over R that are orthogonal to all codewords of C , i.e.,

C⊥
= {x | x · y = 0, for any y ∈ C}.

A code C is called self-orthogonal if C ⊆ C⊥, and it is called self-dual if C = C⊥. The following result is well known
(cf. [12,22,26,31]).
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