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a b s t r a c t

Let D2n = ⟨x, y | xn = 1, y2 = 1, yxy = x−1
⟩ be a dihedral group, and R = GR(p2,m) be

a Galois ring of characteristic p2 and cardinality p2m where p is a prime. Left ideals of the
group ring R[D2n] are called left dihedral codes over R of length 2n, and abbreviated as left
D2n-codes over R. Let gcd(n, p) = 1 in this paper. Then any left D2n-code over R is uniquely
decomposed into a direct sum of concatenated codes with inner codes Ai and outer codes
Ci, whereAi is a cyclic code over R of length n and Ci is a skew cyclic code of length 2 over a
Galois ring or principal ideal ring extension of R. Specifically, a generator matrix and basic
parameters for each outer code Ci are given. A formula to count the number of these codes
is obtained and the dual code for each left D2n-code is determined. Moreover, all self-dual
left D2n-codes and self-orthogonal left D2n-codes over R are presented.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

After the celebrated results in the 1990s ([14,24,31]) that many important yet seemingly non-linear codes over finite
fields are actually closely related to linear codes over the ring of integers modulo four, codes over Z4 in particular, and codes
over finite commutative chain rings in general, have received a great deal of attention. Examples of finite commutative chain
rings include the ring Zpk of integers modulo pk for a prime p, and the Galois rings GR(pk,m), i.e. the Galois extension with
degreem of Zpk . These classes of rings have been used widely as an alphabet for codes.

Let R be a finite chain ring with identity, R× be the multiplicative group of invertible elements of R, N a positive integer
and RN

= {(r1, . . . , rN ) | rj ∈ R, j = 1, . . . ,N} be the free R-module of rank N with the coordinate component addition and
scalar multiplication by elements of R. Then linear codes over R (or linear R-codes) of length N are defined as R-submodules
of RN . For any fixed λ ∈ R×, a linear R-code C of length N is said to be λ-constacyclic if (λcn−1, c0, c1, . . . , cn−2) ∈ C for all
(c0, c1, . . . , cn−1) ∈ C, and C is said to be cyclic (negacyclic) when λ = 1 (λ = −1). Readers are referred to [17,21,20,25,27,32]
and [34] for results on linear codes, cyclic codes and constacyclic codes over finite chain rings. Moreover, various decoding
schemes for codes over Galois rings have been considered (cf. [11–13]).

Now, letN = ln. A linear code C of lengthN over R is called a l-quasi-cyclic code of length ln, if (c1,n−1, c1,0, c1,1, . . . , c1,n−2,

. . . , cl,n−1, cl,0, cl,1 . . . , cl,n−2) ∈ C for any (c1,0, c1,1, . . . , c1,n−1, c2,0, c2,1, . . . , c2,n−1, . . . , cl,0, cl,1, . . . , cl,n−1) ∈ C. Quasi-
cyclic codes and their generalizations over finite chain rings have been received a great deal of attention (cf. [2,5,15,16,19]).

In this paper, let

D2n = ⟨x, y | xn = 1, y2 = 1, yxy = x−1
⟩ = {xiyj | 0 ≤ i ≤ n − 1, j = 0, 1}
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be a dihedral group of order n. The group ring R[D2n] is a free R-module with basis D2n. Addition, multiplication with scalars
c ∈ R and multiplication are defined by: for any ag , bg , c ∈ R where g ∈ D2n,∑

g∈D2n

agg +

∑
g∈D2n

bgg =

∑
g∈D2n

(ag + bg )g, c(
∑
g∈D2n

agg) =

∑
g∈D2n

cagg,

(
∑
g∈D2n

agg)(
∑
g∈D2n

bgg) =

∑
g∈D2n

(
∑
uv=g

aubv)g.

Then R[D2n] is a noncommutative ring with identity 1 = 1R1D2n where 1R and 1D2n are the identity elements of R and D2n
respectively (cf. [33]).

For any a = (a0,0, a1,0, . . . , an−1,0, a0,1, a1,1, . . . , an−1,1) ∈ R2n, we defineΨ (a) =
∑n−1

i=0 ai,0x
i
+

∑n−1
i=0 ai,1x

iy. ThenΨ is an
R-module isomorphism from R2n onto R[D2n]. As a natural generalization of [23], a nonempty subset C of the R-module R2n

is called a left dihedral code (or left D2n-code for more clear) over R if Ψ (C) is a left ideal of R[D2n]. As usual, we will identify C
with Ψ (C) in this paper. Since

Ψ (an−1,0, a0,0, a1,0, . . . , an−2,0, an−1,1, a0,1, a1,1, . . . , an−2,1) = xΨ (a)

for all a = (a0,0, a1,0, . . . , an−1,0, a0,1, a1,1, . . . , an−1,1) ∈ R2n, we see that every left D2n-code over R is a 2-quasi-cyclic code
over R of length 2n.

When R = Fq is a finite field of cardinality q, there have been many research results on codes as two-sided ideals and
left ideals in a finite group algebra over finite fields. For example, Dutra et al. [22] investigated codes that are given as two-
sided ideals in a semisimple finite group algebra Fq[G] defined by idempotents constructed from subgroups of G, and give a
criterion to decide when these ideals are all the minimal two-sided ideals of Fq[G] in the case when G is a dihedral group.
McLoughlin [30] provided a new construction of the self-dual, doubly-even and extremal [48,24,12] binary linear block code
using a zero divisor in F2[D48] where D48 is a dihedral group.

Brochero Martínez [10] computed all central irreducible idempotents and their Wedderburn decomposition of the
dihedral group algebra Fq[D2n] when every divisor of n divides q − 1. This characterization depends on the relation of the
irreducible idempotents of the cyclic group algebra Fq[Cn] and the central irreducible idempotents of the group algebras
Fq[D2n]. Gabriela et al. [23] provided algorithms to construct minimal left group codes. Recently, Cao et al. [18] give a system
theory for left D2n-codes over finite fields.

More importantly, Bazzi and Mitter [3] shown that for infinitely many block lengths a random left ideal in the binary
group algebra of the dihedral group is an asymptotically good rate-half code with a high probability. Martínez-Pérez and
Willems [29] proved that the class of binary self-dual doubly even 2-quasi-cyclic transitive codes is asymptotically good.

Let R = GR(p2,m) be a Galois ring of characteristic p2 and cardinality p2m and gcd(n, p) = 1, we try to achieve the
following two goals:

⋄Develop a system theory for left D2n-codes over R using an elementarymethod. Precisely, only finite field theory, Galois
ring theory andbasic theory of cyclic codes and skewcyclic codes are used, and it does not involve any group algebra language
and technique except the definition for left D2n-codes.

⋄ Provide a precise expression for all distinct left D2n-codes, their dual codes, self-orthogonal and self-dual left D2n-codes
over R.
Using the expression provided, one can present leftD2n-codes, self-orthogonal and self-dual leftD2n-codes over R for specific
n, m and p (not too big) conveniently and easily, and design left D2n-codes for their requirements directly.

The present paper is organized as follows. In Section 2, we present every left D2n-code and its dual code over R by their
direct sum decomposition, where each direct summand is a concatenated code, respectively. In particular, we determine
the inner code and give a generator matrix and basic parameters for the outer code of each concatenated code precisely. As
a corollary, we obtain a formula to count the number of all left D2n-codes over R. In Section 3, we give a proof for the main
results (Theorem 2.5) of this paper by use of the known results for left dihedral codes over finite fields and Galois ring theory.
Then we present all self-dual and all self-orthogonal left D2n-codes over R in Section 4. Finally, we list 60 optimal Z4-linear
codes of length 30 obtained from left D30-codes over Z4.

2. Concatenated structure of left D2n-codes over R

In this section, we give the concatenated structure of every left D2n-code and its Euclidian dual code over R explicitly, and
obtain a formula to count the number of all left D2n-codes over R precisely.

In this paper, let R = GR(p2,m) be a fixed Galois ring of characteristic p2 and cardinality p2m, Fpm = R/pR be the residue
class field of R modulo its unique maximal ideal pR. Let −

: R → Fpm be the surjective homomorphism of rings from R onto
Fpm defined by: a = a (mod p), ∀a ∈ R. Moreover, there is a nonzero element ζ of R with multiplicative order pm − 1 and
every element of R is written uniquely as: t0 + t1p, where t0, t1 ∈ T = {0, 1, ζ , ζ 2, . . . , ζ p

m
−2

} (cf. [37] Theorem 14.8). T is
called a Teichmüller set of R.
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