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Abstract

In order to detect contradictory information or to avoid conflicting outputs in processes of inference, the contradiction has been 
studied in the framework of fuzzy logic. It was found that a set A is N -self-contradictory with respect to a given negation N if 
A implies its negation N(A). Further, A is self-contradictory if it is N -self-contradictory for some strong negation N . Similar 
definitions were found in the framework of the Atanassov’s intuitionistic fuzzy sets, following the same idea: a set is contradictory 
if it involves its own negation. Nevertheless, in some systems or applications the information is given through type-2 fuzzy sets, 
where the degree in which an element belongs to the set is just a label of the linguistic variable “TRUTH”, that is, the degree is 
given by a fuzzy set in the universe [0,1]. Then, since in these systems contradictions could also appear, it might be wise to do a 
similar study in this case. The purpose of this article is to establish definitions of N -self-contradiction and self-contradiction in the 
framework of the type-2 fuzzy sets. It is also the intention to provide some criteria to verify these properties in the special case 
in which the membership degrees are in L, the set of the normal and convex functions from [0,1] to [0,1]. In order to do this, the 
strong negations in L given in previous papers, Nn, associated with strong negations on [0,1], n, are used.
© 2018 Elsevier B.V. All rights reserved.
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1. Introduction

Several new theories extending fuzzy sets have been proposed since they were first introduced by L. Zadeh in 1965 
[35,36] as an extension of classical sets to deal with imprecise information. The aim of these theories is to provide 
broader models that can handle imprecise and uncertain or incomplete information.

These theories have many advantages over classical set theory, which they extend. For instance, they are useful 
for more flexibly modeling situations for which classical mathematics had no or only very complicated models. Note, 
however, that they also have some disadvantages. For instance, the structural properties of the theories are weaker, 
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and some other properties have to be sacrificed depending on the model in question. As a result, incoherent or contra-
dictory consequents often tend to be derived in inference processes, and the actual model may even be troublesome 
to construct, as the available information is sometimes incompatible or contradictory. On these grounds of inconsis-
tency, we studied the problem of contradiction in the case of fuzzy sets (FSs) and Atanassov’s intuitionistic fuzzy sets 
(AIFSs) in [10,5,11].

Type-2 fuzzy sets were introduced by L.A. Zadeh in 1975 [36], as an extension of type-1 fuzzy sets (FSs). Whereas 
an element’s membership degree in type-1 fuzzy sets is determined by a value in the interval [0, 1], an element’s 
membership degree in a type-2 fuzzy set (T2FS) is a fuzzy set in [0, 1], that is, a T2FS is determined by a membership 
function μ : X → M, where M = [0, 1][0,1] is the set of functions from [0, 1] to [0, 1] (see [20], [22], [23], [27]
and [32]). In recent years, many researchers have studied type-2 fuzzy set theory and its application to several fields 
of science (see, for example, [9,19–21,25,34,37]). In this paper, we will obtain results in T2FSs with degrees of 
membership in the subset L of normal and convex functions of M.

Trillas et al. [30], Trillas and Cubillo [31], Castiñeira et al. [5] and Cubillo et al. [11] established when an FS or 
an AIFS is self-contradictory and when two FSs or two AIFSs contradict each other with respect to a given negation. 
Similarly, they defined the concepts of self-contradiction and contradiction irrespective of a fixed negation. Addition-
ally, as contradiction can vary a lot from one set to another, we looked at how to establish degrees of all these types 
of contradiction in [6–8], and we established axiomatic models for measuring contradiction in the framework of FSs 
and AIFSs in [10,4,28]. Now, in this article, we set out to study self-contradiction in the framework of type-2 fuzzy 
sets with membership degrees in L.

After a discussion of the background, we present in Section 3 the definitions of N -self-contradiction with respect 
to a given strong negation in L, and self-contradiction of a type-2 fuzzy set with membership degrees in L. Besides 
we discuss some properties that are useful for studying whether or not a function f ∈ L is N -self-contradictory, and 
we give a theorem for characterizing the Nn-self-contradiction of a function f ∈ L depending on the fixed point of the 
negation n in [0, 1] and also in terms of the point αf , which is the lowest of the values where f reaches the supreme. 
In Section 3.1 we extend the criterion of n-self-contradiction of a fuzzy set to a criterion of Nn-self-contradiction of 
a type-2 fuzzy set with membership degrees the characteristic function of a number in [0, 1]. Likewise, we extend 
the criterion of N -self-contradiction of an Atanassov’s intuitionistic fuzzy set to a criterion of Nn-self-contradiction 
of a type-2 fuzzy set with membership degrees in the set of characteristic functions of the closed intervals. Finally, 
we establish in Section 4 the criteria of self-contradiction depending on the behavior of the function f ∈ L at the 
endpoints of the interval [0, 1]. We close with a section of examples and some conclusions.

2. Preliminaries

Throughout the paper, X will denote a non-empty set which will represent the universe of discourse and YX will 
denote the set of functions from X to any given set Y . Additionally, ≤ will denote the usual order relation in the lattice 
of real numbers.

Definition 1. ([35]) A type-1 fuzzy set, or just fuzzy set (FS), A, is characterized by a membership function μA : X →
[0, 1], where μA(x) is the membership degree of an element x ∈ X in the set A.

Let us denote the family of all fuzzy sets on X as FS(X) or [0, 1]X (identifying each fuzzy set with its membership 
function). Using the usual order ≤ in [0, 1], we can naturally define a partial order on FS(X): μA ≤ μB if and only 
if μA(x) ≤ μB(x) for all x ∈ X. Thus ([0, 1]X, ≤) is a bounded and complete lattice in which the least and greatest 
elements are, respectively, the constant functions 0 and 1.

Definition 2. ([33]) An interval-valued fuzzy set (IVFS), A, is characterized by a membership function σA,

σA : X → I = {[a, b] : 0 ≤ a ≤ b ≤ 1}.
Accordingly, the membership degree of an element x ∈ X in the set A is a closed interval in [0, 1].

Let us denote the family of all interval-valued fuzzy sets on X as IV FS(X) or IX (identifying each interval-valued 
fuzzy set with its membership function).
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