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a b s t r a c t 

We investigate the evaluation of structural reliability under imperfect knowledge about the probability distri- 

butions of random variables, with emphasis on the uncertainties of the distribution parameters. When these 

uncertainties are considered, the failure probability becomes a random variable that is referred to as the condi- 

tional failure probability. For the sake of transparency in communicating risk, it is necessary to determine not 

only the mean but also the quantile of the conditional failure probability. A novel method is proposed for estimat- 

ing the quantile of the conditional failure probability by using the probability distribution of the corresponding 

conditional reliability index, in which a point-estimate method based on bivariate dimension-reduction integra- 

tion is first suggested to compute the first three moments (i.e., mean, standard deviation and skewness) of the 

conditional reliability index. The probability distribution of the conditional reliability index is then approximated 

by a three-parameter square normal distribution. Numerical studies show that the computational efficiency of 

the proposed method was well above that of Monte Carlo simulations without loss of accuracy, and also show 

that neglecting parameter uncertainties will lead to the structural reliability being overestimated. The developed 

methodology provides a complete picture of structural reliability evaluation under imperfect knowledge about 

probability distributions. 

© 2018 Elsevier Ltd. All rights reserved. 

1. Introduction 

A fundamental problem in structural reliability theory is the compu- 

tation of the multifold probability integral [1,2] 

𝑃 𝑓 = ∫𝐺( 𝐗 ) ≤ 0 𝑓 𝐗 ( 𝐱) 𝑑𝐱 (1) 

where P f is the probability of structural failure. In Eq. (1) , 𝐗 = 

[ 𝑋 1 , 𝑋 2 , … , 𝑋 𝑛 ] 𝑇 (where T denotes matrix transposition) is an n - 

dimensional vector of random variables representing uncertain quan- 

tities such as loads, material properties, geometric dimensions, and 

boundary conditions. Furthermore, f X ( x ) is the joint probability den- 

sity function (PDF) of X , G ( X ) is the limit state function or performance 

function, and G ( X ) ≤ 0 is the domain of integration, which denotes the 

failure region of the structure. 

One may regard Eq. (1) as a theoretical formulation of the structural 

reliability problem because the PDFs of the basic random variables (i.e., 

the components of X in Eq. (1) ) are generally assumed to be known, and 

their distribution parameters in the PDFs are usually assumed to be cer- 

tain. However, in practical engineering, one is faced with the problem 
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of imperfect states of knowledge about such distributions. For example, 

the distribution parameters of the basic random variables involved in 

loads, environmental actions including chloride, temperature, oxygen, 

carbonation, moisture, and structural resistance are estimated from sta- 

tistical data of limited sample size, and these distribution parameters 

may change as the amount of corresponding statistical data increases. 

All this results in uncertainties in the distribution parameters, and pa- 

rameter uncertainties associated with the basic random variables in X 

lead to uncertainty in the calculated failure probability and in the asso- 

ciated reliability index [3] . 

In order to consider the uncertainties in the distribution parameters 

of a structural system, such as the mean and standard deviation of the 

basic random variables in X , the distribution parameters are treated as 

a random vector 𝚯 in the Bayesian approach, whereby f X ( x ) becomes a 

conditional distribution function f X, 𝚯( x , θ). Therefore, the conditional 

probability of failure becomes [3] 

𝑃 𝑓 ( 𝚯) = ∫𝐺 ( 𝐗 , 𝚯) ≤ 0 
𝑓 𝐗 , 𝚯( 𝐱, 𝜽) 𝑑𝐱 (2) 

where G ( X, 𝚯) expresses the performance function, f X, 𝚯( x, θ) is the 

joint PDF of X and 𝚯, and the conditional failure probability P f ( 𝚯) is 
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Notation 

The following symbols are used in this paper: 

A g area of reinforcement; 

b i flange width of T-girder; 

c a distinct combination of n items from group [1, 2, …, 

m ]; 

ci i th item of c ; 

F 𝛽[ 𝛽( 𝚯)] CDF of the conditional reliability index 𝛽( 𝚯); 

f c concrete strength; 

f g yield strength of the corroded reinforcement; 

f g 0 initial yield strength of the reinforcement; 

f X ( x ) joint probability density function of X ; 

f X, 𝚯( x, θ) joint probability density function of X and 𝚯; 

f 𝛽[ 𝛽( 𝚯)] PDF of the conditional reliability index 𝛽( 𝚯); 

f 𝚯( θ) joint probability density function of 𝚯; 

G ( · ) performance function; 

h height of the beam section; 

h 0 effective height of the beam section; 

K P coefficients used in the flexural limit state function; 

m number of estimating points; 

n number of random variables; 

P F overall probability of failure; 

P ci weight corresponding to estimating point u ci ; 

P f probability of failure; 

P k weight corresponding to estimating point u ik ; 

P fi a function of only u i ; 

P f ( · ) conditional probability of failure; 

𝑃 ∗ 
𝑓 
( 𝚯) approximate probability of failure; 

R resistance; 

S load; 

S G dead load effect; 

S Q live load effect; 

T transpose of a vector or matrix; 

𝑇 −1 ( 𝐮 ) inverse normal transformation; 

U a vector of independent standard normal random vari- 

ables; 

U i a vector of only one random variable in standard space; 

u standard normal random variable; 

u i i th standard normal random variable; 

u ci ci th estimating point; 

u ik k th estimating points of u i ; 

u 𝜇k k th value of u 𝜇 ; 

w k weights for Hermite integration; 

X a vector of random variables; 

x random variable; 

x k abscissas for Hermite integration; 

𝛼 confidence level; 

𝛼3 𝛽 skewness of 𝛽( 𝚯); 

𝛽 reliability index; 

𝛽( · ) conditional reliability index; 

𝛽 i a function of only u i ; 

𝛽 i, j a function of only u i and u j ; 

𝛽0 a function of all the variables take their mean value; 

𝛽𝑘 0 k times of 𝛽0 ; 

𝛽∗ ( 𝚯) approximate reliability index; 

𝜇 mean value; 

μ a vector in which all the random variables take their 

mean values; 

𝜇𝛽 mean of 𝛽( 𝚯); 

𝜇𝑃 𝑓𝑖 
c mean value of P fi; 

𝜇𝑘 
𝛽𝑖 

mean value of the k th moments of 𝛽 i about zero; 

𝜇𝑘 
𝛽𝑖,𝑗 

mean value of the k th moments of 𝛽 i, j about zero; 

𝜇k 𝛽 k th moments of 𝛽( 𝚯) about zero; 

𝜎 standard deviation; 

𝜎𝛽 standard deviation of 𝛽( 𝚯); 

𝜃i i th uncertain parameter; 

Φ( · ) CDF of a standard normal random variable; 

Φ−1 ( ⋅) inverse of the CDF of a standard normal random vari- 

able; 

𝜙( · ) PDF of a standard normal random variable; 

𝚯 a vector of uncertain parameters; 

𝚯i a vector of the i th uncertain parameter; 

𝜂 steel strength loss; 

a function of the distribution parameters 𝚯. Because the distribution 

parameters 𝚯 are uncertain, the conditional failure probability P f ( 𝚯) is 

also uncertain. The corresponding conditional reliability index 𝛽( 𝚯) is 

also uncertain and is given by 

𝛽( 𝚯) = Φ−1 [1 − 𝑃 𝑓 ( 𝚯) 
]

(3) 

where Φ−1 denotes the inverse of the cumulative distribution function 

(CDF) of a standard normal random variable. Because P f ( 𝚯) and 𝛽( 𝚯) 

are random variables, they have probability distribution functions as 

well as statistical moments, such as their means, standard deviations, 

and skewnesses. 

For vector X of the random variables in Eq. (2) , whose joint PDF 

includes uncertain parameters 𝚯, the overall probability of failure is 

then defined as the expectation of the conditional failure probability 

P f ( 𝚯) over the outcome space of the uncertain parameters 𝚯, which can 

be formulated as 

𝑃 𝐹 = ∫𝐺 ( 𝐗 , 𝚯) ≤ 0 
𝑓 𝐗 , 𝚯( 𝐱, 𝜽) 𝑑 𝐱𝑑 𝜽 (4) 

In most cases, Eq. (4) cannot be solved because of the difficulty in 

determining the explicit expression of the performance function G ( X, 𝚯) 

and the joint PDF f X, 𝚯( x, θ). This is because 𝚯 represents the distribution 

parameters of X , but X is a function of 𝚯. However, the conditional fail- 

ure probability of the structural system for given distribution parameter 

values 𝚯 = 𝜽 can be evaluated readily using state-of-the-art techniques 

such as the first- and second-order reliability methods, moment meth- 

ods, and simulation methods [2, 4–6] . Therefore, the overall probability 

of failure incorporating the uncertainties of the distribution parameters 

can be formulated generally as 

𝑃 𝐹 = ∫𝜽 𝑃 𝑓 ( 𝚯) 𝑓 𝚯( 𝜽) 𝑑 𝜽 (5) 

where P f ( θ) is the conditional probability of failure for a given 𝚯 = 𝜽

(which can be evaluated from state-of-the-art techniques), and f 𝚯( θ) is 

the joint PDF of 𝚯. 

An advanced first-order second-moment method, which developed 

from the first-order reliability method by introducing an auxiliary vari- 

able, for solving Eq. (5) has been proposed by Zhao and Jiang [7] , in 

which the effect of distribution parameter uncertainties on the over- 

all probability of failure was discussed. An efficient analysis procedure 

was proposed by Hong [8] to evaluate the overall probability of failure 

by using the point-estimate method to discretize the uncertain distribu- 

tion parameters; the overall probability of failure was then obtained by 

weighting the conditional probability of failure at each discrete point. 

Later, Der Kiureghian [9] derived a simple approximate formula by us- 

ing the first-order approximation method to compute the mean of the 

conditional reliability index. It should be noted that the aforementioned 

studies were focused mainly on evaluating the overall probability of fail- 

ure, which is defined essentially as the mean of the conditional failure 

probability P f ( 𝚯) when the parameter uncertainties of the basic random 

variables in X are considered. 
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