
Applied Soft Computing 66 (2018) 449–461

Contents lists available at ScienceDirect

Applied  Soft  Computing

journa l homepage: www.e lsev ier .com/ locate /asoc

An  Iterated  Local  Search  to  find  many  solutions  of  the  6-states  Firing
Squad  Synchronization  Problem

Manuel  Clergue a,∗,  Sébastien  Verel b,  Enrico  Formenti c

a Université des Antilles, EA 4540 – LAMIA – Laboratoire de Mathématiques Informatique et Applications, Pointe à Pitre, France
b Univ. Littoral Côte d’Opale, EA 4491 – LISIC – Laboratoire d’Informatique Signal et Image de la Côte d’Opale, F-62228 Calais, France
c I3S, Université Nice Sophia Antipolis, UMR CNRS 7271, 2000 route des Lucioles, BP 121, 06903 Sophia Antipolis cedex, France

a  r  t  i  c  l  e  i  n  f  o

Article history:
Received 27 January 2017
Received in revised form 8 January 2018
Accepted 20 January 2018

Keywords:
Firing Squad Synchronization Problem
Iterated Local Search
Metaheuristics
Fitness landscape
Cellular automata
Complex systems

a  b  s  t  r  a  c  t

This  paper  proposes  an optimization  approach  for solving  a  classical  problem  in cellular  automata  theory:
the  6-states  Firing  Squad  Synchronization  Problem  (FSSP).  To  this  purpose,  we  introduce  an  original
optimization  function  which  quantifies  the  quality  of  solutions  according  only  to  the  main  goal  of  the
problem  without  taking  into  account  any  side  information  about  cellular  automata  computations.  This
function  is  used  for  a  dedicated  Iterated  Local  Search  algorithm  which  finds  several  hundreds  of new
solutions  of  the FSSP.  Note,  that up to present  only  one  human-designed  solution  was  known  which  is
optimal  in  time.  Most  of the  new  solutions  found  by  our algorithm  have  lower  complexity  (in terms  of
number  of transitions  rules  used).  An  analysis  of the  fitness  landscape  for FSSP  explains  why,  counter-
intuitively,  local  search  strategy  can  achieve  good  results  for FSSP.

© 2018  Elsevier  B.V.  All  rights  reserved.

1. Introduction

When facing a computational problem, one can more or less
easily describe the desired outputs or the final state of the system.
However, it is often much more difficult to design the process that
allows to obtain those outputs or to reach a final state. That calls
for the need of computer scientist or IT engineers. Automatic gen-
eration of programs, and one of its most representative instances,
genetic programming, is a scientific field that aims to develop meth-
ods for goal-driven design of systems [1]. Those methods should be
able to generate systems just from the specification of the desired
final states and from the specification of its environment, including
rules, constraints, and so on.

One possibility consists of considering the design as an opti-
mization problem, in which one try to maximize how much, or how
well, the system meets its requirements. An optimal solution of
this optimization problem provides a solution of the computational
problem. Early successes in genetic programming [2], for example,
should be considered as an encouragements to follow this kind of
methodology.

However there are still some issues that have to be addressed in
addition to the completeness of the goal-driven specifications. Of
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course, one has to assume to be able to sufficiently specify a system
by the description of its requirements. Although this is not true in
general, this will be the case for the problem under consideration
here. The major issue is to be able to say if, given a set of goals, and
a measure of how the system meets them, the associated optimiza-
tion problem is regular enough, or roughly speaking easy enough,
such that an optimization method could succeed in finding an opti-
mal  solution. In other words, the main point is to able to design a
measure such that a relevant optimization algorithm succeeds.

A Cellular Automaton (CA) is a discrete dynamical system com-
posed by a set of finite state machines. A simple program, the
transition function (see Section 2.1 for the details) defined the com-
putation task of the CA. Although the CA is a simple computational
model, it is a complex system that allows to solve a number of
computational problems, and to model a wide range of physical
and natural systems [3].

This work addresses a classical problem in the field of cellular
automata, namely, the 6-states Firing Squad Synchronization Prob-
lem (FSSP) [4], which consists of synchronizing all the cells of the
automata in the same state in minimal time. We  associate FSSP
with a discrete optimization problem, and provide a metaheuristic,
a relevant Iterated Local Search, to solve it.

Moreover, we  analyze the properties of the fitness landscape to
explain the performances of our optimization algorithm in finding
optimal solutions. Although the 6-states FSSP in optimal time has
been already solved by Mazoyer in 1986 [5], in this work, by using
an optimization technique, we found thousand of new solutions,
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some of which have a lower complexity than the original hand-
made solution by Mazoyer, or present a different computational
strategy.

There are a lot of previous works related to automated design
of cellular automata by using metaheuristics, such as evolutionary
algorithms. Clearly our approach follows this trend.

The seminal work of Mitchell in 1993 is one the first studies
which applied metaheuristics to cellular automata [6]. The authors
used genetic algorithms to find efficient CA rules able to solve the
density classification problem. This problem consists of being able
to design a CA such that for any initial configuration c evolves to
a specific target configuration if in c the density of symbols ‘1’ is
larger than the density of symbols ‘0’ or not. Citing from [6]: in
general it is very difficult to program CA to perform complex tasks,
genetic algorithms has promise as a method for accomplishing such
programming automatically.  This statement can be easily general-
ized to metaheuristics.

In [7], Verel et al. gave a deeper insight in the fitness landscape
structure of the search space associated to the majority problem,
characterizing its neutral nature. Wolz et al. [8] proposed an effi-
cient evolutionary algorithm to find solutions as good as possible
for the majority problem. Note that, as noted by Oliveira in [9], the
density classification problem has no exact solution.

Sapin [10] applied an evolutionary algorithm to find meaningful
structures, glider guns, in a famous cellular automata, the so-called
game of life. Still with cellular automata in 2 dimensions, Breuke-
laar in [11], and Aboud in [12], use evolutionary algorithms and
metaheuristics to generate geometric shapes.

We conclude this short survey about metaheuristics applied to
cellular automata search by pointing out the recent work of Bidlo
where the author uses evolutionary algorithms to solve several CA
problems [13]. Bildo’s very interesting approach is based on con-
ditional CA rules. However, this method is probably not adapted in
our context since the number of rules is lower.

The next section is devoted to the precise definition of FSSP. The
third section introduces the concept of fitness landscape. The fourth
section explains how to turn the original FSSP into an optimization
problem. The local search technique is exposed in the fifth section,
and the sixth one contains the experimental results with the new
solutions of 6-states as well as an analysis of the fitness landscape
of the problem. In the last section we draw our conclusions and
provide new perspectives.

2. Firing Squad Synchronization Problem

The Firing Squad Synchronization Problem (FSSP) was first pro-
posed by Myhill in 1957 and published by Moore in 1964 [4]. This
problem has been extensively studied for more than 50 years and
has generated a large amount of literature. Indeed, it models one
of the most important and fundamental problems in computer sci-
ence: the decentralized synchronization of independent units. This
section provides a precise definition of FSSP and a short survey of
the main solutions.

2.1. Definition of the problem

The FSSP is defined over one-dimensional cellular automata. A
(finite) one-dimensional cellular automaton (CA) consists of a set
of n identical finite state automata (called cells) arranged on a line.
States are chosen from a finite set Q called the set of states. The
target size of Q is 6. Each cell computes its new state according
to its own state and the one of a fixed set (the neighborhood)  of
neighboring cells using a transition rule (or simply rule) ı : Qk → Q
where k is the size of the neighborhood. For our purposes, k = 3 and
the neighborhood consists just in the cell itself and its left- and

Fig. 1. Space-time diagrams of the FSSP for a line of length n = 6 in minimal time
2n  − 2. The quiescent state is white, the initiator state (general state) is blue, and the
firing state is red. Grey cells are still undefined. On the left, the space-time diagram
is an illustration of the problem with the initial configuration and the expected final
state. In the middle, one example of transition function that synchronized correctly
in  minimal time. On the right an example of rule which failed to synchronize. Indeed,
one cell is firing before the other ones. (For interpretation of the references to color
in  this figure legend, the reader is referred to the web version of this article.)

right-hand neighbors. All cells are updated synchronously at each
time step.

Since the automaton is finite, special care should be taken for
cells at the extremities of the line. Indeed, here cells at the extrem-
ities have just two  neighbors and not three.

A configuration is a mapping from the interval of integers �1, n� to
Q which gives the state of each cell at a given time step. A transition

rule ı : Q3 → Q induces a global rule Gı : Q�1,n� → Q�1,n� as follows

∀c ∈ Q�1,n�∀i ∈ �1, n�  Gı(c)i = ı(ci−1, ci, ci+1)

(recall that the extremities have only two neighbors).
The space-time diagram of initial configuration c is a graphical

representation of the orbit of c and consists of the superposition
of c, Gı(c), G2

ı
(c), etc. Usually, a space-time diagram is drawn in

increasing time steps from the top to bottom (see Fig. 1). Finally,
remark that a (finite one-dimensional) CA is completely character-
ized by its transition rule and in our case can be represented by a
three entries table. In order to better illustrate the FSSP, we  assign
a special name to states in Q. Indeed, G is the general state, F is the
firing state, • is the quiescent state and, finally, $ is the border state.
Remark that the quiescent state must satisfy:

ı(•, •, •) = ı($, •, •) = ı(•, •, $) = •

An admissible initial configuration c for FSSP is such that c1 = G
and all other cells are in quiescent state. An admissible final con-
figuration c for FSSP is such that all cells are in firing state.

FSSP
INSTANCE: a set of states Q

SOLUTION: a transition rule ı : Q3 → Q such that for any admissi-

ble initial configuration c : �1, n�  → Q there exists an admissible

final configuration d : �1, n� → Q and t ∈ N  such that Gt
ı
(c) = d

and Gt
′
ı

(c)i /= F for all i ∈ �1, n�  and t′ < t.

In other words, solving FSSP means providing a transition rule
ı such that for any admissible initial configuration, it synchronizes
all the cells in firing state and no cell is in firing state before the
final admissible configuration.

Note, that the minimal time required to synchronize all cells in
the firing state for the first time is 2n − 2 for configurations of size
n. In this work, we  are interested in finding solutions to FSSP which
synchronize in minimal time and have 6 states.
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