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A visco-acousticwave-equation traveltime inversionmethod is presented that inverts for the shallow subsurface
velocity distribution. Similar to the classical wave equation traveltime inversion, this method finds the velocity
model thatminimizes the squared sumof the traveltime residuals. Even though,wave-equation traveltime inver-
sion can partly avoid the cycle skipping problem, a good initial velocity model is required for the inversion to
converge to a reasonable tomogram with different attenuation profiles. When Q model is far away from the
realmodel, the final tomogram is very sensitive to the starting velocitymodel. Nevertheless, aminor ormoderate
perturbation of the Qmodel from the true one does not strongly affect the inversion if the low wavenumber in-
formation of the initial velocity model is mostly correct. These claims are validated with numerical tests on both
the synthetic and field data sets.
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1. Introduction

Conventional full waveform inversion (FWI) finds the velocity
model that minimizes the L2 norm of the waveform residuals between
the predicted and the observed traces (Tarantola, 2005; Virieux and
Operto, 2009; Bozdağ et al., 2016). However, this misfit functional is
easily trapped into a local minimum due to its strong non-linearity
with respect to the velocity variations. To mitigate this non-linearity,
wave-equation traveltime inversion (WT) (Luo and Schuster, 1991a,
1991b) was proposed to robustly estimate the low-intermediate wave-
number components of the background velocity model. By inverting
traveltime instead of the full waveforms, it largely mitigates the cycle
skipping problem (Ma and Hale, 2013) and provides robust conver-
gence property compared to traditional FWI (Van Leeuwen and
Mulder, 2010). However, phase or traveltime measurements can also
suffer from cycle skipping depending on the startingmodel and the fre-
quency content of data.

WT can provide an accurate low-wavenumber starting model for
FWI (Zhou et al., 1995, 1997), or jointly and gradually invert for the de-
tailed subsurface structures with FWI (Feng and Schuster, 2016). How-
ever, WT does not take into account the subsurface attenuation, which
can lead to inaccurate tomograms and the consequent mispositioning

of reflectors in the migration image (Fletcher et al., 2012; Zhu et al.,
2014). These problems are severe when there is strong attenuation
that leads to strong phase delays in the arrivals (Tarantola, 1988; Aki
and Richards, 2002; Zhu and Harris, 2015; Komatitsch et al., 2016). To
solve these problems, it is necessary to take the attenuation factor into
account when applying WT to near-surface data (Dutta and Schuster,
2014). With the stronger computational ability, to understand the at-
tenuation in both theory and practice becomesmore feasible to explora-
tion seismologists. In this study, the visco-acoustic wave equation
is used to invert for the shallow velocity distribution as an extension
of the traditional application of WT. Numerical tests are also taken to
reveal the impact of a relatively correct estimation of attenuation on
the inverted tomogram.

After the Introduction, the second section briefly reviews the wave
equation inversion in attenuative media, where solutions to the visco-
acoustic wave equation are used to compute the WT gradient. The
third section presents the sensitivity analysis of the inverted velocity
tomogram with respect to the attenuation factor Q. Then numerical
tests of WT with different Q models for both synthetic and field data
sets are presented to understand the importance of accounting for Q
with WT. Conclusions are drawn in the last section.

2. Theory and methodology

Let J denote the misfit function:

J ¼ 1
2

X
s;g

Δτt s; gð Þ� �2
; ð1Þ
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where Δτt(s, g) = τobs(s, g) − τpred(s, g) represents the traveltime
residual between the observed and the synthetic data recorded at
g from the source at s. For convenience we assume transmission
traveltimes but this method can be used for reflection traveltimes as
well. A gradient optimization method can be used to iteratively update
the velocity tomogram c(x) by

cnþ1 xð Þ ¼ cn xð Þ þ αnβn xð Þ; ð2Þ

where α, β and n are respectively the step length, the search direc-
tion and the iteration index. The Fréchet derivative ∂Δτt/∂c can
be derived using the implicit function theorem (Luo and Schuster,
1991b) as

∂Δτt

∂c
¼ −

∂ _F=∂c
∂ _F=∂Δτt

; ð3Þ

where Ḟ is the time derivative of the crosscorrelation equation be-
tween the predicted data ppred(g, t + Δτt|s, 0) and the observed data
pobs(g, t|s, 0):

_F s;g;Δτt
� � ¼

Z T

0
p g; tjs;0ð Þobs _p g; t þ Δτt js;0� �

dt ¼ 0: ð4Þ

The visco-acoustic wave equation characterizing the standard linear
solid (SLS) mechanism (Blanch et al., 1995) for a given velocity model c
and a Q model in the spatial-temporal domain, is used to compute the
pressure seismogram by

∂P
∂t

þ κ τ þ 1ð Þ ∇ � vð Þ þ rP ¼ S xs; tð Þ; ð5Þ

∂v
∂t

þ 1
ρ
∇P ¼ 0; ð6Þ

∂rP
∂t

þ 1
τσ

rP þ τκ ∇ � vð Þð Þ ¼ 0; ð7Þ

where x= {vx, vy, vz} is the particle velocity vector, P represents pres-
sure, rp indicates thememory variable, κ= ρc2, a product of the density
ρ and the square of the velocity term c, represents the bulk modulus
of the medium and S(xs, t) represents a bandlimited source wavelet
for a point source at x= xs with the listening time t. The parameter τ
is related to the stress and strain relaxation parameters τσ and τε, and
the quality factor Q by,

τσ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Q2

q
−1�

Q

� �
=ω; ð8Þ

τε ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Q2

q
þ 1�

Q

� �
=ω; ð9Þ

τ ¼ τε=τσ : ð10Þ

Here, ω is the selected reference angular frequency and is usually
chosen to be the centroid frequency of the source wavelet (Robertson
and Walker, 1994).

Combining Eqs. (2) and (3) yields the gradient of themisfit function
in Eq. (1) with respect to the velocity c:

β ¼ 1
c3 xð Þ

X
s;g

Z T

0
dt _gbk x; tjg;0ð Þ � _p x; tjs;0ð Þ½ � � δτ g; tjs;0ð Þ; ð11Þ

where the asterisk ∗ represents temporal convolution andΔδτ is the re-
corded data shifted in time and weighted by the associated traveltime
residual E:

δτ g; tjs;0ð Þ ¼ −
1
E
_p g; t−Δτt js;0� �obsΔτt g; tjs;0ð Þ: ð12Þ

Here the backpropagated residual wavefield gbk in Eq. (11) is calcu-
lated by solving the adjoint visco-acousticwave equations (Blanch et al.,
1995):

∂q
∂t

þ ∇ � 1
ρ
u

� �
¼ −Δd xg ; t; xS

� �
; ð13Þ

∂u
∂t

þ ∇κ 1þ τð Þqþ ∇
κτrq
τσ

� 	
¼ 0; ð14Þ

∂rq
∂t

−
rq
τσ

−q ¼ 0; ð15Þ

where q, u and rq are respectively the adjoint state variables of the pres-
surewavefield P, the particle velocity vector v, and thememory variable
rp in the seismogrammodeled by Eqs. (5)–(7). Assuming only the pres-
sure wavefields are recorded, the residual vector Δdwill have only one
component as Δd= [Δd 0 0]′, which is also known as the virtual source
term. After computing the gradient in Eq. (11), the preconditioned
conjugate gradient method is used to update the velocity tomogram
(Nocedal and Wright, 2006; Luo and Schuster, 1991b).

3. Sensitivity of the velocity with respect to Q

In this paper, the Q does not vary with frequency over the frequency
band of the source wavelet. Therefore, the constant Q model
(Kjartansson, 1979) is used to analyze the velocity and traveltime

Fig. 1. CSGs associated with (a) Q=20, and (b) Q=1000 generated from the Marmousi model shown in Fig. 2(a). (c) Two traces at the 150th receiver location.
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