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a  b  s  t  r  a  c  t

In  this  paper  we present  a  comparison  study  of  three  different  frameworks  of  iterative  Krylov  meth-
ods  that  we  have  recently  developed  for the  simultaneous  numerical  solution  of frequency-domain
wave propagation  problems  when  multiple  wave  frequencies  are  present.  The  three  approaches  have
in  common  that  they  require  the application  of  a  single  shift-and-invert  preconditioner  at  a suitable
seed  frequency.  In particular  for three-dimensional  problems,  we present  the  efficient  application  of the
elastic  shift-and-invert  preconditioner  by  means  of an additive  coarse  grid  correction.  The  focus  of  the
present  work  lies,  however,  on  the  performance  of  the respective  iterative  method.  We  conclude  with
numerical  examples  that provide  guidance  concerning  the  suitability  of  the  three  methods.
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1. Introduction

After spatial discretization using, for instance, the finite element
method with N degrees of freedom [6,Section 2], the time-harmonic
wave equation has the form,

(K + iωkC − ω2
kM)xk = b, ωk:=2�fk, k = 1, . . .,  nω, (1)

with stiffness matrix K, mass matrix M,  and C consisting of Som-
merfeld boundary conditions [2] modelling absorption. Note that
(1) yields a sequence of nω linear systems of equations. One way to
solve the systems (1) simultaneously is to define the block matrix
of unknowns, X:=[x1, . . .,  xnω ] ∈ C

N×nω , and to note that (1) can be
rewritten as a linear matrix equation,

A(X):=KX + iCX� − MX�2 = B, (2)

with �:=diag(ω1, . . .,  ωnω ) and B:=b1T .
The matrix Eq. (2) can then be solved using a global Krylov

method [18], for instance global GMRES [21] or global IDR(s) [4,6].
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A second approach is to consider a linearization [31] of (1) of the
form,([

iC K

I 0

]
− ωk

[
M 0

0 I

])[
ωkxk

xk

]
=

[
b

0

]
, k = 1, . . .,  nω, (3)

where the angular frequencies ω1, . . .,  ωnω appear as a (linear)
shift. For the short-hand notation of (3), we define the two block
matrices,

K:=
[
iC K

I 0

]
∈ C

2N×2N and M:=
[
M 0

0 I

]
∈ C

2N×2N, (4)

and write (3) as (K − ωkM)xk = b, for xk:=[ωkxk, xk]
T and b := [b,

0]T. Note that we will consider the case C ≡ 0 independently. The
matrix Eq. (2) then reduces to two  terms, and we  can identify K = K
as well as M = M and avoid doubling of dimensions in (3). In this
paper, we review and compare the following recently developed
algorithms:

• Global GMRES [21] suitable for the matrix equation approach (2)
(cf. Algorithm 1 and [6]),

• Polynomial preconditioners [1,8] for multi-shift GMRES (cf. Algo-
rithm 2),

• Nested multi-shift FOM-FGMRES as presented in [7] (cf. Algo-
rithms 3 and 4).

The application of a single shift-and-invert preconditioner is
crucial for the fast convergence of the above methods and yields the
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main computational cost per iteration. Note that this list does not
consider a comparison with the algorithms suggested by [5,29] and
by [32]. Particularly, we do not consider a comparison with [5,29]
because both frameworks require the exact application of mul-
tiple shift-and-invert preconditioners which is unpractical when
nω is only in the order of ten. Moreover, we restrict ourselves to
GMRES-variants of the respective algorithms, and refer to [4] for
global IDR(s) and to [7] for the more memory-efficient combination
of nested IDR-FQMRIDR(s). In [1] a shifted polynomial precondi-
tioner is used within multi-shift BiCG. The derivations in Section 2
emphasize that the costs-per-iteration of each proposed algorithm
are comparable, and are dominated by the shift-and-invert pre-
conditioner. In Section 3, we evaluate the three approaches for a
benchmark problem of the discretized time-harmonic elastic wave
equation with respect to the convergence behavior under differ-
ent circumstances. Because the shift-and-invert preconditioner is
dominating the computations, we put special emphasis on the prac-
tical application of the preconditioner in three spatial dimensions
in Section 4. The efficient application of the preconditioner in 3D
is closely related to the work on the Complex Shifted Laplacian for
the acoustic Helmholtz equation [15,26] using multigrid [14] or
domain decomposition approaches [19]. In particular, we  demon-
strate that also the damped elastic preconditioner can be applied
in linear computational complexity by means of an additive coarse
grid correction.

2. Review of the developed algorithms

The review of the subsequent algorithms is based on our works
[6–8].

2.1. The preconditioned matrix equation approach

The matrix Eq. (2) with right preconditioning reads,

A(P(�)−1Y) = B, X = P(�)−1Y, (5a)

where P(�)−1:=(K + i�C − �2M)
−1
, (5b)

and A( · ) as in (2). A similar reformulation has been suggested in
[32] where the author exploits the flexibility of solving a Sylvester
equation instead of shifted systems. We  note that in (5a) and (5b),
the preconditioner P(�) can be applied inexactly using, for instance,
an incomplete LU factorization. The (possibly complex) parameter
� in (5b) is called the seed frequency.

Algorithm 1. Right-preconditioned global GMRES [21] for the
matrix Eq. (5a) and (5b).

1: Set R0 = B, V1 = R0/‖ R0 ‖ F � Initialization (X0 = 0)
2:  for j = 1 to m do
3: Apply W = A(P(�)−1Vj) � Preconditioner (5b)
4: for i = 1 to j do � Block-Arnoldi method
5:  hi,j = tr(WHVi)
6: W = W − hi,jVi

7: end for
8: Set hj+1,j = ‖ W ‖ F and Vj+1 = W/hj+1,j

9: end for
10: Set Hm = [hi,j]

j=1,...,m+1
i=1,...,m , Vm = [V1, . . .,  Vm]

11: Solve ym = argminy

∥∥Hmy − ‖B‖Fe1

∥∥
2

� e1 ∈ C
m+1

12: Compute Xm = P(�)−1(Vm * ym) � ‘*’ denotes the so-called star
product [21]

In Algorithm 1, we state the global GMRES method [18,21]. Note
that in the block Arnoldi method the trace inner product is used, and
norms are replaced by the Frobenius norm ‖·‖ F for block matrices.
After m iterations, an approximate solution to (2) in the block Krylov
subspace Km(AP(�)−1, B) is obtained. An efficient preconditioner
will yield convergence for m � N.

2.2. Preconditioners for shifted linear systems

The methods presented in this section are both two-level
preconditioning approaches. As a first-level preconditioner, a shift-
and-invert preconditioner of the form,

P(�)−1 :=(K − �M)−1(4)=
([

iC K

I 0

]
− �

[
M 0

0 I

])−1

=
[
I �I

0 I

] [
I 0

0 (K + i�C − �2M)
−1

] [
0 I

I −iC + �M

]
,

(6)

is applied. Based on the decomposition (6) we note that P(�)−1 =
(K + i�C − �2M)

−1
as defined in (5b) is the main computational

work and, hence, the work-per-iteration is comparable to Algo-
rithm 1. When applying a scaled shift-and-invert preconditioner to
the block systems (3), the following equivalence holds,

(K − ωkM)P−1
k

yk = b ⇔ (KP(�)−1 − �kI)yk = b, (7)

if we introduce �k := ωk/(ωk − �), and the scaled preconditioners
P−1
k

:=(1 − �k)P(�)−1 = (1 − �k)(K − �M)−1. Note that the latter is a
preconditioned shifted linear system with (complex) shifts �k and a
system matrix C:=KP(�)−1 = K(K − �M)−1. Due to the equivalence
in (7), the preconditioner (6) needs to be applied exactly. Moreover,
right-preconditioning requires the back-substitution, xk = P−1

k
yk.

2.2.1. A shifted Neumann polynomial preconditioner
After applying the shift-and-invert preconditioner (6) to (3), we

still must solve,

(C − �kI)yk = b, xk = P−1
k

yk, k = 1, . . ., nω, (8)

where C = KP(�)−1, and with shifts �k = ωk/(ωk − �). Efficient
algorithms for shifted linear systems such as (8) rely on the shift-
invariance property, i.e. the identity, Km(C, b) ≡ Km(C − �I, b), for
any shift � ∈ C; cf. [17,30]. The (preconditioned) spectrum of the
matrix C is known to be enclosed by a circle of radius R and cen-
ter c [8,36]. Therefore, the Neumann preconditioner pn [28,Chapter
12.3] of degree n,

C−1 ≈
n∑
i=0

(
I − �C

)i =: pn(C), with � = 1
c

= −� − �̄
�̄
,  (9)

has optimal spectral radius [8]. The polynomial preconditioner (9)
can be represented in a different basis as, pn(C) =

∑n
i=0˛iC

i. Shift-
invariance can then be preserved if the following holds,

(C − �kI)pn,k(C) = Cpn(C) − �̃kI, (10)

where pn,k(C) =
∑n

i=0˛i,kC
i is a polynomial preconditioner for (C −

�kI). Substitution yields,

n∑
i=0

˛i,kCi+1 −
n∑
i=0

�k˛i,kCi −
n∑
i=0

˛iCi+1 + �̃kI = 0. (11)

The latter (11) is a difference equation and can be solved in closed
form [1]:

˛n,k = ˛n, (12a)

˛i−1,k = ˛i−1 + �k˛i,k, for i = n, . . .,  1, (12b)

�̃k = �k˛0,k. (12c)
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