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a b s t r a c t

The pin-by-pin method with homogenization performed at the pin cell level is of considerable interest in
thermal reactor physics calculations. However, significant computational costs are required in pin-by-pin
calculations due to the fine spatial meshes. To resolve this issue, we present in this paper the three-
dimensional (3D) heterogeneous variational nodal method (VNM), along with dedicated acceleration
methods. The combined methods can be utilized to perform pin-by-pin diffusion calculations more effi-
ciently. 3D response matrix (RM) equations are formulated, allowing for incorporation of multiple pin
cells into one coarse node without altering the original pin cell configuration. Within the nodes, finite ele-
ments in the x-y plane and orthogonal polynomials in the axial direction are employed to describe the
piecewise constant heterogeneous geometry. On the nodal interfaces, orthogonal polynomials in the x-
y interfaces and piecewise constants in the axial interfaces are adopted to approximate neutron current
distributions. The resulting RM equations are solved by the standard Red-Black Gauss-Seidel (RBGS) iter-
ation. Matrix reordering (MR) acceleration and parallelization tailored to the RM formation are incorpo-
rated. The coarse nodes acceleration (CNA) is investigated by combining homogenized pin cell nodes into
larger heterogeneous nodes. A series of meshing schemes are examined with a small modular reactor
core problem. Results show that the implementation of MR and parallelization effectively reduces the
RM formation time. Besides, with sufficient radial interface expansion order, CNA is able to reproduce
the results obtained with fine node calculations. Furthermore, it is demonstrated that judicious choice
of coarse nodes substantially accelerate the RBGS iteration. The combined acceleration schemes achieve
favorable accuracy-efficiency trade-off.

� 2017 Elsevier Ltd. All rights reserved.

1. Introduction

Over the past decades, the traditional two-step method (Roy,
2010) has been widely employed in the neutronic analysis of
light water-cooled reactors (LWR). First, two-dimensional (2D)
multi-group transport calculations for individual fuel assemblies
are performed with explicit pin geometry. In this process, few-
group constants are obtained by spatial homogenization and
energy group condensation over the entire assembly. Second,
few-group constants are mapped onto coarse nodes which are used
to establish the whole core model, and the three-dimensional (3D)
calculation is executed. The two-step method has proven cost-
effective in industry use, but the assembly-wise homogenization
scheme casts restrictions on the accuracy, and to approximate 3D

high resolution results one has to depend on the pin power
reconstruction (Joo et al., 2009) technique.

Owing to the advancement of computational resources, in
recent years improved methods which can mitigate the errors
inherent in the traditional two-step procedure are widely studied.
As a result, the pin-by-pin approach which promotes the homoge-
nization to the pin cell level (Tatsumi and Yamamoto, 2002;
Kozlowski, 2011) is proposed. Performing pin cell level fine mesh
calculations treats more precisely the heterogeneity inside a fuel
assembly as well as spectral mismatch at interfaces between dif-
ferent types of fuel assemblies. In addition, the pin power recon-
struction approximation is relieved since pin-cell-wise details are
directly contained in the results. A variety of pin-by-pin production
codes have been developed, such as SCOPE2 (Tatsumi and
Yamamoto, 2003), DYN3D (Beckert and Grundmann, 2007), EFEN
(Yang, 2014), et al.

In the pin-by-pin approach, major efforts have been focused on
advanced homogenization techniques for improved accuracy, for
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instance, superhomogenization (Hébert, 1993; Yamamoto et al.,
2004; Berman, 2013; Li, 2017) methods and pin cell discontinuity
factor (Park, 2001; Lee, 2003) methods. To deal with the substan-
tially increased computational burden incurred by detailed mesh-
ing of the 3D reactor core, parallel computing algorithms (Tatsumi
and Yamamoto, 2003; Beckert and Grundmann, 2007; Yang, 2014)
are generally implemented. However, practical reactors consist of
hundreds of assemblies, producing millions of fine meshes when
pin-by-pin calculations are performed (Tatsumi and Yamamoto,
2003). In this case, each within-group sweep consumes consider-
able amount of CPU time, and the optically thin meshes worsen
the convergence rate of within-group iteration (Lewis et al.,
2011). Whichever method is selected – nodal (Yang, 2014), finite
difference (Tatsumi and Yamamoto, 2002; Tatsumi and
Yamamoto, 2003) or response matrix (RM) based (Lewis et al.,
2011) – the computational efficiency proves a crucial constraint
to the application of pin-by-pin calculations. Albeit parallel com-
puting has achieved fairly decent speedup ratios, pin-by-pin calcu-
lations remain burdensome. A typical 3D PWR problem with the
nodal SP3 method, for example, costs more than 24 h on a single
processor, and around 20 min on 100 processors (Yang, 2014).

To improve the efficiency for a RM based method, in previous
work (Zhang, 2018) we proposed a 2D diffusion heterogeneous
variational nodal method (VNM) capable of accelerating the
within-group iteration that comprises the bulk of the computa-
tional cost of pin-by-pin fine mesh calculations. In the heteroge-
neous VNM, nodal grids are meshed with finite elements to
enable detailed description of heterogeneous structure. Utilizing
this capability, the coarse nodes acceleration (CNA) method was
implemented by combining homogenized pin cell nodes into
coarse nodes with piecewise constant cross sections (XSs) over
each pin cell. It was shown that CNA effectively reduces the num-
ber of interface degree of freedoms (DOFs), resulting in significant
speed-up for the Red-Black Gauss-Seidel (RBGS) iterations.

In this paper, we extend the 2D diffusion heterogeneous VNM to
a 3D formulation which employs 3D heterogeneous nodes. In the
radial direction, we retain the treatments used in the 2D formula-
tion: heterogeneous nodal structures are described with finite ele-
ment trial functions, and nodal interfaces are approximated by
orthogonal polynomials. In the axial direction, orthogonal z poly-
nomials are used to represent the within node neutron flux, and
current distributions along the axial interfaces are treated with
piecewise constants. To solve 3D problems, we define the neutron
current moments to be continuous across the nodal interfaces, and
implement standard fission source iterations and RBGS iterations
(Lewis et al., 1996; Smith et al., 2014) to solve the resulting RM
equations.

Despite the acceleration of RBGS iterations, the RM formation
time increases with employing coarser nodes as the size of nodes
becomes larger. Since large amount of DOFs are generated in each
node, the RM formation process can become lengthy that degrades
the total computational efficiency of the method. One way to
address this issue is to adopt numerical optimization methods
based on transformation of variables. The methods were initially
introduced in VNM with homogeneous nodes (Yang et al., 2001).
Therein, Reverse Cuthill-McKee (RCMK) reordering (Saad, 2003)
and orthogonal transformation were applied to matrices A and G,
which need to be inverted upon generating the response matrices.
By these means, the matrices are transformed into block-diagonal
matrices, so the inversions can be performed more efficiently. In
3D heterogeneous VNM, the acceleration by orthogonal transfor-
mation of the G matrix is not viable because the coarse nodes are
not necessarily symmetry. However, the matrix reordering (MR)
can still be utilized to the A matrix to reduce the computational
cost. Furthermore, the RM formations are performed only once
instead of at each iteration, and are completely independent, thus

the processes can be readily threaded with high efficiency by
evenly distributing computational tasks on CPU threads. Therefore,
we implement MR and parallelization with OpenMP in the pre-
calculation of RMs.

We organize the rest of this paper as follows. First, we formulate
the RM equations and corresponding spatial matrix components.
Second, CNA is elaborated that reduces the computational costs
in RBGS iterations. Third, we present MR and parallelization
scheme for accelerating the RM formation process. Next, we exam-
ine the acceleration methods using an idealized small modular
reactor (SMR) core problem with pin-by-pin homogenized XSs.
Then the spatial approximations are examined, accuracy and com-
putational efficiencies studied, and the accuracy-efficiency trade-
offs compared. In section 4, conclusions from this study are drawn
and future directions discussed.

2. Theory model

The formulation of the 3D heterogeneous VNM originates from
the even-parity with-in group equation:

�rð3rtÞ�1r/ð~rÞ þ rr/ð~rÞ ¼ qð~rÞ; ð1Þ
where rt and rr represent the total and removal XS (cm�1), respec-
tively. Next, the functional of the scalar flux and neutron currents in
the entire problem domain are expressed as the superposition of
the contributions from all the nodes and node surfaces:

F½/; j� ¼
X
m
Fm½/; j�: ð2Þ

Specifically, the within-group nodal functional for each node
can be written as:

F½/ð~rÞ; jð~rÞ� ¼
Z
V
dVfð3rtÞ�1½r/ð~rÞ�2 þ rr/ð~rÞ2 � 2/ð~rÞqð~rÞg

þ 2
Z
C
dC/ð~rÞjð~rÞ; ð3Þ

where

qð~rÞ ¼
X
g0–g

rsgg0 ð~rÞ/g0 ð~rÞ þ k�1vg

X
g0
mrfg0 ð~rÞ/g0 ð~rÞ ð4Þ

and C is the outer boundary. rsgg0 represents the scattering XS
(cm�1) from group g to g0, mrfg is the neutron production XS
(cm�1) of group g and vg is the fission spectrum. Other notations
are conventional. Then the technique in the standard VNM is
employed by requiring the functional in Eq. (3) to be stationary
with respect to variations in d/ within V yields Eq. (1) as the
Euler-Lagrange equation, and the neutron currents jð~rÞ are defined
to be continuous across the lateral and axial interfaces.

2.1. Ritz discretization

The standard 3D VNM treats all three directions in the same
manner. The nodal flux distribution and interfacial neutron cur-
rents are approximated with orthonormal polynomials. As a result,
the geometrical capability is restricted to homogeneous nodal
grids. In contrast, we formulate the 3D heterogeneous VNM
employing spatial functions tailored to describe heterogeneous
nodes. The within node flux is discretized by

/ð~rÞ ¼ f Tz ðzÞ � gTðx; yÞ/; ð5Þ
where f zðzÞ is a vector of orthogonal polynomials in axial, and gðx; yÞ
is a vector of radial finite element trial functions capable of explic-
itly modeling the x-y heterogeneous nodes. The radial interface cur-
rents are approximated with orthogonal polynomials, with the
order of lower than that of f zðzÞ:
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