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a b s t r a c t

In this paper a cross-slot geometry for which the height of the channel is small compared to the
other channel dimensions is considered. The normal components of the viscoelastic stresses are found
analytically for a second order fluid up to numerical inversion. The validity of the theoretical analysis was
corroborated by comparisonwith numerical simulations based on a stabilizedGalerkin least squares finite
element method using an Oldroyd B fluid. Close agreement was found between numerical predictions
and analytical results for Weissenberg numbers up to 0.2. An explicit expression is formulated for
viscoelastic parameters in terms of the variation and strength of the first normal stress difference around
the stagnation point. The analysis is generalized for the case where the inlet channel width is different
from the outlet channel width. For such configurations it was found that uniformity of the elongation rate
was reduced.

© 2017 Published by Elsevier Masson SAS.

1. Introduction

Polymer melts, which are widely used in processing operations
such as injection molding, mixing and extrusion, exhibit non-
Newtonian properties. Due to the relaxation times involved and
memory effects, the ability to accurately predict the velocity and
stress fields is still a challenging problem.

The modeling of such viscoelastic fluids has proven to be dif-
ficult, both numerically and analytically, even in the most simple
of geometries. Analytical solutions are often presented under the
assumption of constant velocity gradients, i.e. constant shear or
elongation. Other solutions have been found, for example, an an-
alytical solution for a FENE-P fluid was presented by Oliveira [1]
and Rajagopal and Bhatnagar [2] found solutions for the flow of
an Oldroyd B fluid, though exact analytical results often require
the specification of a flow field such that the advection terms are
zero. In this paper we use perturbation methods to derive a semi-
analytical result for a second order fluid in a Hele-Shaw cross-
slot device. The Hele-Shaw approximation necessitates that the
geometry must have one length scale which is much smaller than
the others. In our system the channel height is assumed to bemuch
smaller than its width and thus the aspect ratio, δ, is small. This
approximation has been used in numerous other studies, see for
instance [3,4]. A sketch of the full three-dimensional system is
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given in Fig. 1. Mathematically, the system reduces to the two-
dimensional system shown in Fig. 2. Under the Hele-Shaw as-
sumption one can perform an analysis of the stress under non-
constant elongation. A finite element formulation for this flow
configuration was also undertaken to consider the validity of the
analytical results. As we are considering the case of a Hele-Shaw,
cell this allows one to use a small-channel approximation. The
small channel approximation imposes no-slip conditions on the
vertical wall but permits slip boundary conditions on the horizon-
tal walls. In reality there is a small layer close to the horizontal
walls where the no-slip condition forces the velocity to drop to
zero.

Experimental interest in the cross-slot geometry is focused on
investigating the extensional behavior of polymers and is moti-
vated by the strong elongational nature of the flow in a cross-
slot device. Birefringence techniques used in conjunction with
numerical studies of extensional flows have been used effectively
to assess the validity of constitutive models, however, studies of
polymer melts have highlighted some inconsistencies due to end
effects and beam deflections [5]. Recently, Scoulages et al. [6,7]
made three-dimensional birefringent measurements of flow in a
lubricated cross-slot geometry in a study aimed at removing end
effects. Achievement of this goal would lead to greater conformity
with two-dimensional simulations without the compromise of
using large aspect ratios. It may be possible to extend the results of
this paper to a lubricated device without the need for small aspect
ratios using the theory of Joesph [8,9].

The cross-slot device does not produce pure extensional be-
havior throughout the flow field and the aim of generating purely
extensional flows still proves challenging. Haward et al. [10] used
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Fig. 1. Sketch of the three-dimensional geometry.

Fig. 2. Two-dimensional slice of the cross-slot geometry. The widths of the inlet
section of the channel DC and the outflow channel FA are taken to be equal in
Section 4 and unequal in Section 5.

numerical simulations to optimize the shape of corner regions in a
cross-slot to produce a more homogeneous extensional flow field.
This study was purely two-dimensional which can be difficult to
realize experimentally due to end effects which arise from finite
aspect ratios.

The cross-slot device also exhibits strong bifurcating behavior
with visco-elastic fluids [5,11–13]. Sousa et al. [14] considered the
effects of aspect ratio on this instability. They found that for smaller
aspect ratios the symmetry breaking bifurcation required a larger
Weissenberg number (We), and that for sufficiently small aspect
ratios, the symmetry breaking bifurcation was superseded by a
transient bifurcation. Cruz et al. [15] performed computational
investigations using a PTT fluid model. Cruz et al. reported the
same behavior as Sousa et al. [14], finding that the unstable flow
regimes are along the diagonals of the cross-slot. Such instabilities

will not be considered in this study as wewill assume symmetry of
the device throughout. Bifurcations in cross-slot channels are not
limited to non-Newtonian fluids. Poole et al. [16] found symmetry
breaking birefringence for strongly inertial flows for Newtonian
fluids, though the behavior of this bifurcation is inherently differ-
ent to those caused by viscoelastic effects.

The aim of this investigation is to determine whether one can
obtain analytic results for a viscoelastic fluid in a cross-slot de-
vice. This would be advantageous as three-dimensional simula-
tions of viscoelastic fluids can prove costly in terms of both time
and computational power. Our approach builds on the previous
studies of viscoelastic stresses that assume an idealized exten-
sional flow field. A complete solution for constant elongation flow
for the upper-convective Maxwell model was found by Cruz and
Pinho [17], who further generalized the work of Thomases and
Shelley [18]. Cruz and Pinho found the dependency of the smooth-
ness and singularities of the pressure and stresses to the elongation
rate and the Deborah number. Analysis ofmore complex viscoelas-
tic models in pure extensional fields have also been performed,
such as the Giesekus [19] and finite extensibility models [20,21].
The latter two investigations provide explicit expressions for the
width of the bifurcation strand in terms of the viscoelastic param-
eters.

We will find later that our solution is not valid in the corner
region. Viscoelastic effects in corner regions have been extensively
studied. Analytical studies have addressed the dynamics of Ol-
droyd B and Upper Convective Maxwell (UCM) fluids flowing in
a channel containing a sharp bend. Renardy [22] used a similarity
solution for the stress stream function and found that the stresses
scaled∼ r−

2
3 in the corner region, where r is the distance from the

corner. This work was subsequently generalized by Rallison and
Hinch [23] to encompass a range of channel bend angles, and by
Evans [24] who investigated the downstream effects. We refer to
these studies to address the local corner effects. However, in this
study we will focus predominantly on the stress effects along the
line of symmetry in the outflow channel (the line AB in Fig. 2),
which is not in the vicinity of the corner.

The difficulty in generating formulations for analytical flows in
such a geometry can be overcome by the use of complex potential
theory, namely the Schwarz–Christoffel mapping (SCM) theorem.
Taking advantage of the symmetry of the cross-slot device means
that we need only consider one quadrant.

In this paper, a finite element model is used to assess the
validity of an approximate analytical solution for the flow of an
inertialess Oldroyd B fluid in a three-dimensional cross-slot. We
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