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abstract
Since Mandelbrot (1963) [2] highlighted the fact that data on the yield of financial assets
exhibit leptokurtosis, different distributions have been presented as alternatives to the
normal distribution. So far little consideration has been given to the capacity that these
distributions have to recover the kurtosis of the sample data. Our work aims to present
distributions which, given the broad range of their kurtosis, have the capacity to perform
adjustment on many occasions where other distributions fail, while also being capable
of recovering the peakedness of the empirical data. Another key characteristic of these
distributions is that they are defined within a bounded domain in the same way as
the sample data. An empirical application of these distributions is presented within the
financial field by using daily returns.
© 2011 Elsevier B.V. All rights reserved.

1. Introduction
The behaviour of the returns of financial assets has been the subject of study for decades, from different perspectives
and with different aims. The first example of this could be found in the work presented by Bachelier [1], which considers a
white noise or Gaussian process as the best instrument to simulate returns. As a result it is established that the returns of
the assets are independent and identically distributed, using normal distribution as the underlying probabilistic model.
The normality hypothesis progressively encountered many critics in the early 1960s, among others see Refs. [2,3]. Mainly,
it was shown that the empirical distribution of financial returns presents greater peakedness than in the normal distribution,
or to put it another way, the empirical distribution has fatter tails than the Gaussian model.
The impact caused by this circumstance led to the publication of different works [4–17], attempting to establish an
explanation or solution for these problems. One point which all these studies had in common was the presentation of new
distributions which could replace the normal distribution. Even the recently created econophysics community has focused
some of its efforts on an analysis of the empirical density function of financial returns based on physical methods [18–27].
Also, new evidence shows the importance of the timescale defining the return. Ghashghaie et al. [28], based on the variational
theory in turbulence, find that the tail distribution evolves from power law at small timescale to Gaussian at large scale,
Refs. [29–32]. Similarly, Gu et al. [33], analysing the individual transaction of 23 Chinese stocks traded on the Shenzhen
Stock Exchange (SZSE), find that the stock returns obey the inverse cubic law at the transaction level and thinner power
laws at aggregated timescales.
However, any of these studies pay attention to the recovery of the kurtosis of the sample distribution. If, as asserted by
Mantegna et al. [34], the idea is to contribute to the search for a model providing optimal description of financial markets,
the inevitable conclusion is that the distributions employed for the adjustment must be capable not only of successfully
completing the adjustment stage, but must also recover the stochastic characteristics of the sample data, including kurtosis,
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Fig. 1. The kurtosis is a symptom of the problem. Should it be part of the solution?

since excess kurtosis is the starting point for all works following on from that of Fama [3]. Then, the aim pursued by this work
is to find distributions, which in addition to adjusting the data, are capable of recovering the peakedness of the empirical
distribution. It should be understood that if we focus on peakedness of the empirical data, the aim must be not only to adjust
the data but also to ensure that the adjusted distribution reveals a similar kurtosis to that observed in the empirical data.
See Fig. 1.
The use of mixtures to be found in the literature may have been one of the most successful attempts in achieving
this goal. Press [35] proposed a mixture of the Poisson distribution and normal distribution, Praetz [36] obtained the
Student distribution as the mixture of the normal distribution and the inverted gamma distribution, Madan and Seneta [37]
employed the distribution obtained by mixing the normal and gamma distributions. Please note that all these distributions
are defined in an unbounded domain.
In a different field, Hahn [38] presents the mixture of the uniform and beta distributions, known as the beta-rectangular
distribution. This probabilistic model is characterised by its considerable capacity to model rare events revealing fat tails.
By applying Hahn’s idea we mix the two-sided power (TSP) [39], the generalised biparabolic (GBP) [40] and the generalised
bicubic (GBC) [41], with the uniform distribution. The distributions obtained present greater peakedness than that presented
by normal distribution and with the ability to adjust the empirical data and recover their kurtosis.
The work is structured as follows. In Section 2 a literature revision is shown. Section 3 presents the construction of the
U-TSP, U-GBP and U-GBC distributions, their adaptation to the financial field and an analysis of some of their key stochastic
characteristics. Section 4 analyses the peakedness presented by each probabilistic model. Section 5 includes a practical
application employing the DJ Eurostoxx50 index, while Section 6 sets out the conclusions.
2. Literature revision
After more than six decades from Bachelier’s contribution [1], Mandelbrot [2], studying the cotton market, and Fama [3],
employing the thirty stocks which make up the Dow Jones index, highlighted the advantage of the stable Paretian
distribution. This model was described by Lévy [42] and subsequently developed by Gnedenko and Kolmogorov [43]. One
of the key properties of the distribution is that the sum of independent random variables identically distributed by a stable
Paretian distribution is also a variable with stable Paretian distribution. The distribution is described by the localisation
parameter δ , asymmetry index β , with β ∈ [−1, 1], characteristic exponent α ∈ (0, 2] and the scale parameter γ .
Fama [3] concluded in his work that the stable Paretian distribution with the characteristic parameter α less than 2 revealed
considerable similarity to the empirical distribution. Nonetheless, although the distribution improved on the results of
the Gaussian distribution, the model revealed certain limitations [11,44–48]. When the parameter α takes values below
2, the model reveals infinite variance. Nonetheless, a number of studies highlighted that the scale properties only remained
in time-limited intervals, Refs. [49–51]. Given the non-existence of an analytic expression for their density function, the
estimate of the parameters of the distribution contains certain difficulties, hence the proposal for a number of different
processes to estimate the parameters [52–57].
Continuing along the same line, other alternative models were proposed. These include the Student distribution or t
distribution. This was employed in 1974 to describe the returns of Dow Jones industrial average equities [44], revealing
better results than the stable symmetric distribution. From this point onwards it was examined and compared with other

