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UNIVERSAL LAURENT EXPANSIONS OF HARMONIC
FUNCTIONS

MAYYA GOLITSYNA

Abstract. We introduce a notion of universal Laurent expansions for harmonic
functions. We show that such series exist, are plentiful, and that several different
definitions of such series are equivalent.

1. Introduction

The phenomenon of universality arises in various contexts in mathematical analy-
sis. In this paper we study it with regard to expansions of harmonic functions and
establish counterparts of several known results concerning universal Laurent series in
the complex plane. The theory of universal homogeneous polynomial expansions of
harmonic functions has been developed by several authors [1], [3], [7], [9]. We recall
some results below.

Let Ω be a domain in R
N , where N ≥ 2. We denote by H(Ω) the set of harmonic

functions on Ω, endowed with the topology of local uniform convergence. If K is a
compact set, then we denote the set of functions harmonic on a neighbourhood ofK by
H(K). Let B(ξ0, r) denote the open ball centred at ξ0 of radius r. If h ∈ H(B(ξ0, r)),
then there exist unique harmonic homogeneous polynomials Hν such that degHν = ν
and

h(x) =
∞∑
ν=0

Hν(x− ξ0) (x ∈ B(ξ0, r))

(see [2]). We define

Sn(h, ξ0)(x) =
n∑

ν=0

Hν(x− ξ0) (x ∈ R
N).

We write || · ||K for the supremum norm over a set K.

Definition 1. A harmonic function h on Ω is said to have a universal homogeneous
polynomial expansion about ξ0 ∈ Ω if, for each compact set K ⊂ R

N\Ω with connected
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