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Abstract: Heston model is widely applied to financial institutions, while there still exist
difficulties in estimating the parameters and volatilities of this model. In this paper, the pseudo-
Maximum Likelihood Estimation and consistent extended Kalman filter (PMLE-CEKF) are
implemented synchronously to estimate the Heston model . For parameter estimations, PMLE
for the state equation and the measurement equation of the Heston model are conducted
independently. For volatility estimations, the consistent extended Kalman filter (CEKF)
algorithm is introduced to ensure the volatility to be well evaluated. Additionally, the estimation
results of the Heston model are compared between PMLE-CEKF and PMLE-EKF algorithm.
The numerical simulations illustrate that PMLE-CEKF algorithm works more efficiently than
PMLE-EKF algorithm. Application of the PMLE-CEKF to S&P 500 shows the utility of the
proposed algorithm.
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1. INTRODUCTION

Heston model is widely applied to finance such as pricing
options, futures, forward contracts and other derivatives,
measuring and hedging risks. Counterparty credit risk
(CCR) is one of the major risks faced by large financial
institutions and banks. It has attracted more and more
attention since the world wide financial crisis in 2008.
One of the main components in calculating the CCR
is scenario generation (see Zhu and Pykhtin (2008)).
People usually use Black Scholes model (Black and Scholes
(1973)) as a fundamental model to perform a scenario
simulation. However, amounts of empirical studies show
that the constant volatility assumption of BS model does
not match economic phenomenon in reality. Heston (1993)
assumed that the volatilities of equity prices follow another
stochastic diffusion process. Thus this bivariate model can
explain the changes of market equity prices, such as the
“smile effect” in implied volatilities (see Dupire (1994)),
the skewness and kurtosis phenomenon of equity prices
return rate, negative correlation between equity prices
and volatilities, and “volatility cluster” phenomenon (see
more details in Cont (2001), Engle and Patton (2001)).
Therefore, Heston model is considered as a better one to
simulate the scenarios of equity market prices than BS
model.

However, there still exist difficulties in estimating pa-
rameters of the Heston model. Since the volatilities are
unknown, it is impossible to implement a straightforward

Maximum Likelihood Estimation (MLE) based on history
equity prices. More importantly, there is no closed-form for
joint transition function of the Heston model. To solve the
parameters estimation problem, Yacine and Robert (2007)
used implied volatilities as proxies of the volatilities and
proposed an approximate form of the transition function
to achieve the parameter estimations with MLE methods.
Additionally, there are several literatures to study the
estimation methods with the unknown volatilities. Gallant
and Tauchen (1996) proposed the Efficient Method of
Moment (EMM) algorithm, which depends on selection of
an auxiliary model. Jarquier et al. (1994) put up with the
Monto Carlo Markov Chain (MCMC) algorithm, which
relys on prior distribution of the parameters. Since EMM
and MCMC share high computational cost, Nelson (1988)
put forward the Quasi-Maximum Likelihood Estimation
(QMLE). It is widely used due to the easy implemen-
tation of this algorithm, while the objective function to
be optimized is usually non-convex with respect to the
parameters.

When it comes to the unknown volatilities, filtering meth-
ods can be applied to track them. For the nonlinear Heston
model, Javaheri et al. (2003) used extended Kalman filter
(EKF) to estimate the volatilities. Aihara et al. (2009)
provided an algorithm based on particle filter (PF), Li
(2013) utilized unscented Kalman filter to estimate the
volatilities. In Pitt and Shephard (1999), the authors con-
sidered the volatility estimation problem for nonlinear and
non-Gaussian system through utilizing auxiliary particle
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filter (APF). However, the computation burdens of PF
and APF become much larger with the increasing of the
particle numbers, especially in pursuing for better estima-
tion performance. The UKF algorithm in Li (2013) has
similar properties as EKF. Actually, they are essentially
the second and first order expansions, respectively.

In this paper, we propose a synchronous algorithm to
estimate the parameters and the unknown volatilities of
the Heston model. The PMLE and CEKF algorithm are
combined as PMLE-CEKF to update the parameter and
volatility estimations, alternately. Among the estimation
methods mentioned above, the joint distribution function
of the bivariate system is considered, which brings difficul-
ties to estimate the parameters. Considering the parame-
ters in each equations, they can be estimated, respectively.
By appropriate approximation, the closed-form of MLE
for the parameters in the state equation (Tang and Chen
(2009)) can be obtained. Then the parameters can be
calculated by optimizing the pseudo maximun likelihood
function with the measurement equation. This method is
easy to analyze and implement if the volatilities of the
Heston model are known.

There still need further research to estimate the volatil-
ities. The CEKF algorithm (see Jiang et al. (2014)), is
introduced for the state estimation problem in our algo-
rithm. The CEKF constructs an upper bound for the es-
timation error covariance matrix to ensure the state to be
well evaluated. In nonlinear model, EKF can not provide
the precision evaluation because the parameter matrix P
does not have a clear relationship with the estimation
error covariance matrix. Since the real estimation error
is infeasible, when one wants to obtain the estimation
precision or wants to obtain a reliable estimation result,
EKF algorithm seems powerless. Therefore in this paper,
we combine the PMLE with CEKF to estimate the pa-
rameters and volatilities in the Heston model. Compared
with the traditional EKF, the employment of CEKF will
achieve a better estimation (He et al. (2015)).

The rest of this paper is organized as follows, Section
2 describes the Heston model. Section 3 presents the
PMLE of the parameters. Section 4 introduces the CEKF
algorithm and proposes the estimation algorithm of the
Heston Model. Section 5 carries out several simulation
results when the true value of the parameters are given.
Section 6 shows the application to the algorithm on S&P
500 data. The conclusion of this paper is presented in
Section 7.

2. PROBLEM FORMULATION

The Heston model in a risk-neutral probability space Q
(see Shreve (2004)) is presented as follows,

dS(t) = rS(t)dt+
√
V (t)S(t)dW1(t), (1)

dV (t) = κ(θ − V (t))dt+ σ
√
V (t)dW2(t), (2)

dW1(t)dW2(t) = ρdt, t ∈ [0, T ], (3)

where S(t) is the stock price at time t. V (t) is the variance

of the stock price. Thus the volatility of S(t) is
√
V (t).

In the subsequents, V (t) is called as volatility instead
of the variance for intuition, [0, T ] is the time interval,
and r is the risk free rate. In the Heston model, equation

(2) is a square root mean reversion model, which reveals
the mean-reversion property of the market volatility V (t).
θ is the long run mean of the volatility, κ is the mean
reversion rate towards θ, which controls the speed of
the volatility going back to its mean. W1(t), W2(t) are
Brownian motions with correlation coefficient ρ in the risk
neutral world Q. ρ affects the heavy tails of the stock
return rate distribution. σ is the volatility of volatility,
which influences the variation of the volatility and the
kurtosis of the stock return rate distribution. Additionally,
if 2κθ > σ2, the volatility motion is always above zero,
which could ensure the positiveness the volatility (see Cox
et al. (1985)).

Usually, one can get the stock price S(t) from the market,
but V (t) is unavailable. Hence (1) and (2) can be regarded
as measurement equation and state equation, respectively.
Since in the real market, equity prices return rates are
more concerned, the logarithms of the prices are conducted
by Itô equation as follows,

dln(S(t)) =
1

S(t)
dS(t)− 1

2

1

S2(t)
dS(t)dS(t)

= (r − 1

2
V (t))dt+

√
V (t)dW1(t).

(4)

Continuous form of the Heston model (1)-(3) can be writ-
ten as the state equation and the measurement equation
as follows,

dV (t) = κ(θ − V (t))dt+ σ
√
V (t)dWv(t), (5)

dln(S(t)) =(r − 1

2
V (t))dt+

√
(1− ρ2)V (t)dWs(t)

+ ρ
√
V (t)dWv(t), t ∈ [0, T ],

(6)

where dWs(t)dWv(t) = 0, and the following factorization
holds,

W1(t) =
√
1− ρ2Ws(t) + ρWv(t),

W2(t) = Wv(t).
(7)

In practice, the parameters κ, θ, σ, ρ in the system are
unknown. To use the Heston model, one should estimate
the parameters firstly. However, the volatilities are always
unknown. Thus, we need the filtering method to estimate
the state variable V (t). Meanwhile, the implementation of
the filtering algorithm needs the known parameters. In this
paper, we design an algorithm to estimate the parameters
and the volatilities in Heston model synchronously.

3. PSEUDO-MAXIMUM LIKELIHOOD ESTIMATION

In this section we will introduce the PMLE method to
estimate the unknown parameters in the Heston model.
Assume that the state V (t) is estimated by the CEKF
algorithm 1 . We can estimate the parameters κ, θ, and σ
in the state equation (5), and ρ in the observation model
(6), respectively.

The method of estimating κ, θ, and σ in the state equation
(5) is easy to implement. Although the distribution of
state V (t) is non-central chi square (see Cox et al. (1985)),
there is no closed form for the probability density function.
Nowman (1997) assumes that the state equation can be
approximated as follows,
1 The consistent extended Kalman filter will be described in Section
4
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precision or wants to obtain a reliable estimation result,
EKF algorithm seems powerless. Therefore in this paper,
we combine the PMLE with CEKF to estimate the pa-
rameters and volatilities in the Heston model. Compared
with the traditional EKF, the employment of CEKF will
achieve a better estimation (He et al. (2015)).

The rest of this paper is organized as follows, Section
2 describes the Heston model. Section 3 presents the
PMLE of the parameters. Section 4 introduces the CEKF
algorithm and proposes the estimation algorithm of the
Heston Model. Section 5 carries out several simulation
results when the true value of the parameters are given.
Section 6 shows the application to the algorithm on S&P
500 data. The conclusion of this paper is presented in
Section 7.

2. PROBLEM FORMULATION

The Heston model in a risk-neutral probability space Q
(see Shreve (2004)) is presented as follows,

dS(t) = rS(t)dt+
√

V (t)S(t)dW1(t), (1)

dV (t) = κ(θ − V (t))dt+ σ
√

V (t)dW2(t), (2)

dW1(t)dW2(t) = ρdt, t ∈ [0, T ], (3)

where S(t) is the stock price at time t. V (t) is the variance

of the stock price. Thus the volatility of S(t) is
√
V (t).

In the subsequents, V (t) is called as volatility instead
of the variance for intuition, [0, T ] is the time interval,
and r is the risk free rate. In the Heston model, equation

(2) is a square root mean reversion model, which reveals
the mean-reversion property of the market volatility V (t).
θ is the long run mean of the volatility, κ is the mean
reversion rate towards θ, which controls the speed of
the volatility going back to its mean. W1(t), W2(t) are
Brownian motions with correlation coefficient ρ in the risk
neutral world Q. ρ affects the heavy tails of the stock
return rate distribution. σ is the volatility of volatility,
which influences the variation of the volatility and the
kurtosis of the stock return rate distribution. Additionally,
if 2κθ > σ2, the volatility motion is always above zero,
which could ensure the positiveness the volatility (see Cox
et al. (1985)).

Usually, one can get the stock price S(t) from the market,
but V (t) is unavailable. Hence (1) and (2) can be regarded
as measurement equation and state equation, respectively.
Since in the real market, equity prices return rates are
more concerned, the logarithms of the prices are conducted
by Itô equation as follows,

dln(S(t)) =
1

S(t)
dS(t)− 1

2

1

S2(t)
dS(t)dS(t)

= (r − 1

2
V (t))dt+

√
V (t)dW1(t).

(4)

Continuous form of the Heston model (1)-(3) can be writ-
ten as the state equation and the measurement equation
as follows,

dV (t) = κ(θ − V (t))dt+ σ
√
V (t)dWv(t), (5)

dln(S(t)) =(r − 1

2
V (t))dt+

√
(1− ρ2)V (t)dWs(t)

+ ρ
√
V (t)dWv(t), t ∈ [0, T ],

(6)

where dWs(t)dWv(t) = 0, and the following factorization
holds,

W1(t) =
√

1− ρ2Ws(t) + ρWv(t),

W2(t) = Wv(t).
(7)

In practice, the parameters κ, θ, σ, ρ in the system are
unknown. To use the Heston model, one should estimate
the parameters firstly. However, the volatilities are always
unknown. Thus, we need the filtering method to estimate
the state variable V (t). Meanwhile, the implementation of
the filtering algorithm needs the known parameters. In this
paper, we design an algorithm to estimate the parameters
and the volatilities in Heston model synchronously.

3. PSEUDO-MAXIMUM LIKELIHOOD ESTIMATION

In this section we will introduce the PMLE method to
estimate the unknown parameters in the Heston model.
Assume that the state V (t) is estimated by the CEKF
algorithm 1 . We can estimate the parameters κ, θ, and σ
in the state equation (5), and ρ in the observation model
(6), respectively.

The method of estimating κ, θ, and σ in the state equation
(5) is easy to implement. Although the distribution of
state V (t) is non-central chi square (see Cox et al. (1985)),
there is no closed form for the probability density function.
Nowman (1997) assumes that the state equation can be
approximated as follows,
1 The consistent extended Kalman filter will be described in Section
4
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