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Abstract: Lithium ion batteries are used to store energy in electric vehicles. Physical models
based on electro-chemistry are partial differential equations coupled to algebraic equations. The
state of the battery, and most importantly, the state of charge (SOC) needs to be estimated
using limited measurements. In this paper, an extended Kalman filter (EKF) is developed using
the electro-chemical model. Some simplifications to the full electro-chemical model are made to
facilitate the estimation. The performance of the observer is demonstrated through comparison
of simulation results with experimental data.
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1. INTRODUCTION

Tracking the state-of-charge (SOC), the amount of deliv-
erable energy, of each cell in a battery pack is a key part
of every battery management system in hybrid electric ve-
hicles. In practice, SOC can be defined as an indication of
the amount of remaining charge inside the cell. A number
between 0% to 100% is assigned to this quantity. A cell’s
SOC estimate must be updated via measurement of the
terminal voltage and applied current.

Many estimators for lithium-ion cells use equivalent circuit
models. Simplicity and a relatively few number of param-
eters are the main advantages of these models Hu et al.
(2012). One of the first and important efforts on SOC
estimation by Kalman filter (KF) is the comparasion in
Plett (2004). Similar application of a Kalman filter (KF)
or extended Kalman filter (EKF) to an equivalent circuit
model can be found in Vasebi et al. (2008); Do et al.
(2009); He et al. (2011). Besides EKF, another way to
handle model nonlinearity is sigma-point Kalman filtering
Plett (2006); Santhanagopalan and White (2010). Other
approaches to estimation with equivalent circuit mod-
els, are sliding mode observers Kim (2006, 2008); MSirdi
et al. (2012), adaptive observers Roscher and Sauer (2011),
and Luenberger observers Li et al. (2012, 2011); Hu and
Yurkovich (2010).

Electrochemical models have an advantage in describing
a cell’s physical behaviour. Including the effect of tem-
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perature and aging, and other features, is easier than for
empirical models. Unfortunately, full electrochemical mod-
els are not applicable for real-time observation because of
their complexity. The single particle model is a common
simplification. It is coupled with KF in Santhanagopalan
and White (2006) to estimate SOC. Averaging over the
entire electrode region is also used in Klein et al. (2012);
Di Domenico et al. (2010); Klein et al. (2010) where
observation is evaluated by respectively EKF and output
injection-based observer combined with mass conservation
law. Employing a single particle model in observation is
also used in other works, including Smith et al. (2008,
2010). It is combined with the backstepping observation
method in Moura et al. (2012b,a, 2014).

The objective of this paper is to design an observer for
SOC estimation using the electrochemical equations. Sys-
tems represented by partial differential equations such as
the electrochemical model are called distributed parameter
systems. Different techniques exist for the design of ob-
servers for nonlinear distributed parameter systems using
the partial differential equation model; see for example,
Couchouron and Ligarius (2003), Vazquez et al. (2008),
Meurer (2013), Castillo et al. (2013), Schaum et al. (2015),
and Schaum et al. (2014). In Afshar et al. (2016), a
comparison between different estimation techniques using
ODE approximations for simple linear and nonlinear DPS
was conducted. Extended Kalman filters (EKF) provided
the most efficient results. Furthermore, the estimation
error decreased as the order of approximation increases.
These results motivated the idea that EKF can be de-
signed for partial differential equation models, in particu-
lar lithium-ion models. In this paper, the EKF is extended
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to a class of quasi-linear infinite-dimensional systems. The
filter is found via a solution of a generalized integral
Riccati equation. The observer is then approximated using
a Galerkin method. Performance of the approximated ob-
server is compared to experimental data and shows small
estimation error.

2. LITHIUM-ION CELL REPRESENTATION

Principles of electrochemistry can be used to derive a
set of coupled differential equations that describe the
cell dynamics. A variable structure solid diffusion model
developed in Thorat (2009); Farkhondeh et al. (2014);
Farkhondeh and Delacourt (2011) is used. In this paper,
a lithium-ion cell whose positive electrode is made of
LiεFePO4 (LFP) material is considered. The number of
particle size bins here is K = 3. Define

Xk = {z ∈ L2([L1, L]× [0, Rk]) : r
2
kz ∈ L2([L1, L]× [0, Rk])}

X = L2(0, L)×X1 ×X2 ×X3

Y = L2(0, L)× L2(L1, L)

where L1 = lsep, L = lsep + lcat. Let c = [c1, c2, c3, c4]
T =

[ce, cs,1, cs,2, cs,3]
T ⊆ X be the state vector and ϕ =

[ϕ1, ϕ2]
T = [ϕe, ϕs]

T ⊆ Y be the constraint vector;
ce represents the electrolyte concentration, cs,k are solid
concentration in each particle bin k = 1, . . . , 3, and ϕe and
ϕs are respectively electrolyte and solid potential. Define

yk = saty(
ck+1 |rk=Rk

cmax
) (1)

where

saty(s) =
1

1 + exp(−ā0s)

for ā0 ∈ R+ (see Table 2). The electrochemical reaction
rate is defined as

ik(c,ϕ) =

{
2i0 sinh(

Fηk

2RT ) if x ∈ [0, L1]
0 if x ∈ [L1, L]

(2)

where
ηk = ϕ2 − ϕ1 − U(yk)

and U(.) is the OCP term:

U(yk) = 3.4510− 0.009yk
+ 0.6687 exp(−30yk)− 0.5 exp(−200(1− yk))

for the charging cycle, and

U(yk) = 3.4077− 0.020269yk
+ 0.5 exp(−200yk)− 0.9 exp(−30(1− yk))

for the discharging cycle. The OCP identification is based
on the static performance and cannot be measured during
the battery operation. Instead, empirically derived rela-
tions are used.

The cell governing equations are

∂

∂t



c1
c2
c3
c4


 =




∂
∂x (D

eff
e

∂c1
∂x ) +

1−t0+
Fεe

∑
akik(c,ϕ)

1
r21

∂
∂r1

(r21α1(c2)D ∂c2
∂r1

)
1
r22

∂
∂r2

(r22α2(c3)D ∂c3
∂r2

)
1
r23

∂
∂r3

(r23α3(c4)D ∂c4
∂r3

)




(3)

0 =

[
∂
∂x (k

eff ∂ϕ1

∂x ) + keff ∂
∂x (

2RT (1−t0+)

Fc1
∂c1
∂x ) +

∑
akik(c,ϕ)

∂
∂x (σ

eff ∂ϕ2

∂x )−
∑

akik(c,ϕ)

]

(4)

where

αk(ck+1)D
∂ck+1

∂rk
|rk=Rk

=
ik
F
(c,ϕ), k = 1 . . . 3. (5)

The boundary conditions are
∂c1
∂x

|x=L =
∂ck+1

∂rk
|rk=0= 0, k = 1 . . . 3 (6)

ϕ1 |x=0 =
∂ϕ1

∂x
|x=L= 0 (7)

∂ϕ2

∂x
|x=L1 = 0. (8)

(9)

The controlled input is current I(t),

εe,sepD
eff
e,sep

∂c1
∂x

|x=0 = −
(1− t0+)I(t)

F
(10)

−σeff ∂ϕ2

∂x
|x=L = I(t). (11)

Some approximations are now introduced to the model to
facilitate computation. First, the reaction rate is approxi-
mated. For this purpose, the variable yk,s defined in (1) is
substituted by an average value. Define

c̄k+1 =

∫ Rk

0

δ(x−Rk)ck+1drk

and

ȳk = saty(
c̄k+1

cmax
)

where

δ(x− x0) =

{
1
ε0

if x ∈ [x0− ε0, x0]
0 if x ∈ [0, x0− ε0]

(12)

for some small ε0 ∈ R+. For parameters b̄0, ā0 (see Table
2) define a smooth saturation function

sat(s) =
2b̄0

1 + exp(−ā0s)
− b̄0

and also define

η̄k = ϕ2 − ϕ1 − U(ȳk).

The exchange current density is approximated by

īk(c,ϕ) =

{
2i0 sinh(sat(

Fη̄k

2RT )) if x ∈ [0, L1]
0 if x ∈ [L1, L]

(13)

The argument of sinh(.) is saturated in (13) to keep the
electrochemical solution bounded. This constraint aligns
with the physics of the system.

A second approximation is used to ensure that the con-
straint equation (4) has a unique solution ϕ for every
given state vector c and to facilitate its computation.
The constraint equations are approximated by replacing c1
with its initial value cini in the denominator. This yields

0 =[
∂
∂x (k

eff ∂ϕ1

∂x ) + keff ∂
∂x (

2RT (1−t0+)

Fcini

∂c1
∂x ) +

∑
ak īk(c,ϕ)

∂
∂x (σ

eff ∂ϕ2

∂x )−
∑

ak īk(c,ϕ)

]

(14)

A third approximation of the cell’s equations is made.
Define

V = {c ∈ X : [
∂c1
∂x

, . . . ,
∂c4
∂r

]T ∈ X ,
∂c1
∂x

(0) =
∂c1
∂x

(L) = 0,

and
∂ck
∂r

(0) =
∂ck
∂r

(0)(Rk) = 0 for k = 2 . . . 4}.
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∂c1
∂x

|x=L =
∂ck+1

∂rk
|rk=0= 0, k = 1 . . . 3 (6)

ϕ1 |x=0 =
∂ϕ1

∂x
|x=L= 0 (7)

∂ϕ2

∂x
|x=L1 = 0. (8)

(9)

The controlled input is current I(t),

εe,sepD
eff
e,sep

∂c1
∂x

|x=0 = −
(1− t0+)I(t)

F
(10)

−σeff ∂ϕ2

∂x
|x=L = I(t). (11)

Some approximations are now introduced to the model to
facilitate computation. First, the reaction rate is approxi-
mated. For this purpose, the variable yk,s defined in (1) is
substituted by an average value. Define

c̄k+1 =

∫ Rk

0

δ(x−Rk)ck+1drk

and

ȳk = saty(
c̄k+1

cmax
)

where

δ(x− x0) =

{
1
ε0

if x ∈ [x0− ε0, x0]
0 if x ∈ [0, x0− ε0]

(12)

for some small ε0 ∈ R+. For parameters b̄0, ā0 (see Table
2) define a smooth saturation function

sat(s) =
2b̄0

1 + exp(−ā0s)
− b̄0

and also define

η̄k = ϕ2 − ϕ1 − U(ȳk).

The exchange current density is approximated by

īk(c,ϕ) =

{
2i0 sinh(sat(

Fη̄k

2RT )) if x ∈ [0, L1]
0 if x ∈ [L1, L]

(13)

The argument of sinh(.) is saturated in (13) to keep the
electrochemical solution bounded. This constraint aligns
with the physics of the system.

A second approximation is used to ensure that the con-
straint equation (4) has a unique solution ϕ for every
given state vector c and to facilitate its computation.
The constraint equations are approximated by replacing c1
with its initial value cini in the denominator. This yields

0 =[
∂
∂x (k

eff ∂ϕ1

∂x ) + keff ∂
∂x (

2RT (1−t0+)

Fcini

∂c1
∂x ) +

∑
ak īk(c,ϕ)

∂
∂x (σ

eff ∂ϕ2

∂x )−
∑

ak īk(c,ϕ)

]

(14)

A third approximation of the cell’s equations is made.
Define

V = {c ∈ X : [
∂c1
∂x

, . . . ,
∂c4
∂r

]T ∈ X ,
∂c1
∂x

(0) =
∂c1
∂x

(L) = 0,

and
∂ck
∂r

(0) =
∂ck
∂r

(0)(Rk) = 0 for k = 2 . . . 4}.
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