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a b s t r a c t 

This paper introduces two general architectures of kinematically redundant planar paral- 

lel mechanisms. Their kinematic models are analyzed, an analytic workspace determina- 

tion method is presented and a simple algorithm for their trajectory planning is provided 

for prescribed Cartesian trajectories. The trajectory planning algorithm uses the redundant 

degree of freedom to avoid singularities and optimize the actuator forces while taking 

into account the mechanical limits of the mechanism. The trajectory planning is computed 

globally in order to avoid local minima/maxima and to predict and take into account large 

variations in optimal values of the redundant degree of freedom. The algorithm guaran- 

tees that a solution will be found, if the Cartesian trajectory is feasible. Two planar par- 

allel mechanisms with kinematic redundancy are used to demonstrate the algorithm. The 

kinematics of the mechanisms are derived, and the Jacobian matrices are obtained. The 

singularities and the mechanical limits of this type of mechanism are presented in order 

to establish the framework for the planning algorithm. Finally, example trajectories and 

results are shown to illustrate the algorithm and demonstrate its effectiveness. 

© 2017 Elsevier Ltd. All rights reserved. 

1. Introduction 

Planar parallel manipulators present excellent load-carrying, dynamic and precision capabilities, making them attractive 

in robotic applications such as manufacturing, machining and pick and place manipulation (see, for instance, [1] where 

their precision is investigated). In the early days of parallel robotics [2] , the planar parallel 3-R P R 

1 architecture was already 

proposed for the aforementioned reasons. This architecture has been studied extensively in the literature. Issues such as 

kinematic design [3] , workspace determination [4] , direct kinematics [5,6] , singularity analysis [7,8] , dynamics [9] , static 

balancing [10] , synthesis [11,12] , and others have been addressed and solved. On the other hand, the 3-R P R planar parallel 

mechanism admits a limited range of rotational motion. Indeed, singular configurations limit the rotational range of motion 

to 180 ° and much less in most practical cases. 

Many authors proposed to add extra legs to connect the base and the platform [13,14] . This results in redundantly ac- 

tuated mechanisms which can actually avoid singularities but which can also generate antagonistic forces on the platform. 

Therefore, the control of such mechanisms is challenging and requires the use of advanced controllers and possibly force 

sensors to handle the actuation redundancy [15,16] . 
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Fig. 1. Geometric model of the 2 P R mechanism. 

Other researchers have introduced kinematic redundancy in which additional actuated joints are added in one or several 

of the legs of the manipulator in order to provide the ability to reorient the legs and avoid singularities (see, for instance, 

[17,18] ). Until recently, this led to some actuators mounted in series, thereby deteriorating the load transmission properties 

of the original manipulator. A different approach was used in [19] where a redundant planar parallel manipulator of type 

2(R P R)-2(R P R)R was proposed. This mechanism uses a purely parallel kinematically redundant leg and therefore achieves 

unlimited rotation capability. In [19] , the redundancy resolution was simple because the proposed architecture suffered 

from no mechanical interference which may not be possible in all applications and which is not possible with a generic 

architecture. This paper presents a simple algorithm for managing the redundant degree of freedom (DOF) of kinematically 

redundant planar robots of the same type as the architecture presented in [19] but having general kinematic parameters. To 

demonstrate the algorithm, two generic architectures of this type are developed and the algorithm is applied to two simple 

trajectories. The algorithm takes into account all possible limitations of the redundant DOF, that is, mechanical interferences 

and singularities. 

2. Kinematic modelling 

2.1. Planar mechanism of type 2(R P R)-2(R P R)R 

The first proposed architecture is the generic form (generalization) of the architecture presented in [19] , as shown in 

Fig. 1 . In order to simplify the notation, this architecture is referred to here as 2 P R. The resulting mechanism has the par- 

ticularity that, for a given Cartesian pose of the platform, the redundant link ( B 3 S ) can be rotated freely around point B 3 . 

The mechanism is therefore kinematically redundant. It will be explained in Section 4.1 how this feature is used to avoid 

singularities. 

The geometric model of the mechanism is presented in Fig. 1 . A fixed reference frame Oxy is defined on the base and 

a moving reference frame Px ′ y ′ is defined on the moving platform. Four prismatic actuators are connected to the base 

with revolute joints at points A i , i = 1 , . . . , 4 . Their length corresponds to the articular coordinates ρi , i = 1 , . . . , 4 of the 

mechanism. The first two actuators are connected directly to the platform with revolute joints at points B 1 and B 2 . The 

other two are connected to the redundant link ( SB 3 ), of length � , at point S with revolute joints and the redundant link is 

connected to the platform with a revolute joint at point B 3 . The position of the platform is defined by point P ( x, y ) and the 

angle φ, which is defined as the angle between the fixed horizontal axis x and the moving axis x ′ . The Cartesian coordinates 

of the mechanism are defined by vector c = [ x y φ] T and the position of the redundant link relative to the platform is 

given by angle γ , which is defined relative to the moving axis x ′ . 
From angle φ, the rotation matrix between the fixed frame Oxy and the moving frame Px ′ y ′ is defined as 

Q = 

[
cos φ − sin φ
sin φ cos φ

]
(1) 

and the rotation matrix between the moving frame Px ′ y ′ and a reference frame attached to the redundant link B 3 S is ex- 

pressed as 

R = 

[
cos γ − sin γ
sin γ cos γ

]
. (2) 
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