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a b s t r a c t 

Wavelet Neural Networks (WNNs) are complex artificial neural systems and their training can be a chal- 

lenge. In the past, most common training schemes for WNNs, such as gradient descent, have been re- 

stricted to training only a subset of differentiable parameters. In this paper, we propose an evolutionary 

method to train both differentiable and non-differentiable parameters using the concept of Cartesian Ge- 

netic Programming (CGP). The approach was evaluated on the two-spiral task and on real-world datasets 

for the detection of breast cancer and Parkinson’s disease. In our experiments, the performance of the 

proposed method was comparable to several standard methods of classification. On the breast cancer 

dataset, the performance was better than other non-ensemble and multistep processing methods. The 

experimental results show how the performance of WNNs depends on the number of wavelons used. 

The presented case studies demonstrate that the proposed WNNs perform competitively in comparison 

to several other methods and results reported in literature. 

© 2017 Elsevier B.V. All rights reserved. 

1. Introduction 

The wavelet transform has been used in pattern recognition, 

signal processing and compression applications for its ability to ex- 

tract information from signals at either high time or frequency res- 

olutions [1–3] . Wavelet neural networks (WNNs) utilize the con- 

cept of the wavelet transform in neural networks. 

A combined model of wavelets and neural networks is suit- 

able for function approximation and can be used for prediction 

and classification. WNNs have been successfully applied in many 

areas, including signal denoising [4] , signal classification and com- 

pression [5] , short-term electricity load forecasting [6] , speech seg- 

mentation [7] and speaker recognition [8] . WNNs can provide bet- 

ter function approximation ability than standard multilayer per- 

ceptrons (MLPs) and radial basis function (RBF) neural networks 

over a wide range of applications [9,10] . 

A WNN is determined by five key parameters. Three of them re- 

fer to the activation function (scale, translation, rotation) and two 

of them to the architecture of the network (weights and number 

of neurons). More details on the behavior of these parameters is 

discussed in Section 2.1.4 . The standard training procedure of a 
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WNN employs a gradient descent algorithm that can suffer from 

slow convergence and local optima [11] . In order to optimize the 

performance of WNNs, a number of research studies have utilized 

evolutionary algorithms and evolutionary programming techniques 

[12,13] . 

Prediction of air and ground traffic flow [14,15] , energy con- 

sumption [16] , large scale function estimation [17] , function ap- 

proximation [18–20] , power transformer monitoring [21] and cen- 

trifugal compression [22] are a few of the many applications of 

WNNs which utilize genetic algorithms (GA). WNN evolution via 

differential evolution (DE) has also been quite successful and in- 

cludes applications such as load forecasting [23] and bankruptcy 

prediction [24] . This variety of applications illustrates the adapt- 

ability of WNNs to different data domains. 

The most common strategy to optimize combinations of WNN 

parameters is to evolve only the activation function parameters 

[14–17] . Awad [25] evolved the translation and scale parameters 

using a GA and trained the weights using the Levenberg Marquardt 

algorithm. Jinru et al. [26] use a two-stage approach, where a GA is 

used first for a global search of the parameters, and in the second 

stage, the optimized parameters are further fine-tuned by using lo- 

cal search algorithms like gradient descent. In [27] , the translation 

parameter is adaptive to the network input and its response to a 

non-linear function while the remaining attributes are evolved and 

optimized using particle swarm optimization. Simultaneous evolu- 

tion of activation function parameters and network structure have 
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also been studied and applied in various domains such as func- 

tion approximation, Parkinson’s disease detection and prediction of 

hydro-turbine machine condition [20,28,29] . 

Apart from the existing methods of training wavelet parame- 

ters, there are a number of optimization algorithms, including self- 

adaptive differential evolution [30] and a social emotional algo- 

rithm which uses local search function [31] that can be used to 

optimize the WNN parameters. 

In the present paper, a novel algorithm based on the concept 

of Cartesian Genetic Programming (CGP) is used to evolve a multi- 

dimensional wavelet neural network, so that its potential applica- 

tion to classification tasks can be evaluated. The paper also aims 

to contribute to a better understanding of the behaviour of WNNs 

when their parameters are adjusted. 

CGP is an evolutionary programming technique developed by 

Miller et al. [32] . The concept of CGP has also been used to evolve 

artificial neural networks [33] . The motivation behind using CGP 

for evolving parameters is, firstly, that CGP doesn’t bloat [34] be- 

cause the network becomes dominated by redundant genes that 

have a neutral effect [35–37] on the performance. Secondly, most 

of the applications evolved via CGP are generic, robust and present 

good accuracy compared to other methods [38–41] . 

The computational cost of a WNN increases with the input di- 

mensions of the system. Our objective is to introduce an algorithm 

that would have the ability to switch features on and off, hence 

making them either active or inactive during the evolution pro- 

cess. Discarding too many features might result in reduced accu- 

racy. The advantage of using an evolution-based concept to evolve 

parameters is that features can be pruned during evolution while 

balancing the need for accuracy, thus efficiently reducing the time 

to train a network. 

Another contribution of this work is the introduction of a rota- 

tion parameter R i , represented as an n × n matrix where n is the 

total number of input features. Rotation matrices have not been 

used in any similar applications yet, due to non-differentiability is- 

sues and high computational cost. Our intent is to exploit rotations 

so that the approximation capability of WNNs can be correctly as- 

sessed. 

In two of our previous publications [29,42] we have used CGP 

to evolve wavelet parameters for a one-dimensional WNN. The 

present manuscript is about a separate study on the concept of 

multi-dimensional WNNs and the introduction of the rotation pa- 

rameter for approximating functions. The structure of this paper is 

as follows. Section 2 describes WNNs, their properties and the tun- 

ing parameters, with visual examples. This section also introduces 

the mechanism used for building wavelet networks via Cartesian 

Genetic Programming (CGPWNN), constituting the main technical 

contribution of the paper. Sections 3 –5 present the application of 

WNNs to three test problems: the standard 2D spiral benchmark, 

breast cancer classification via mammographic images, and Parkin- 

son’s disease detection via speech signal analysis. Section 6 incor- 

porates conclusions and possible directions for future research. 

2. Background 

2.1. Wavelet neural networks 

WNNs represent a class of neural networks with wavelets as 

activation functions; i.e. they combine the theory of wavelet trans- 

forms and neural networks [43] . WNNs generally have a feed- 

forward structure, with one hidden layer, as shown in Fig. 1 , and 

activation functions are drawn from an orthonormal wavelet fam- 

ily. The most common wavelet activation functions are Gaussian, 

Mexican hat, Morelet and Haar wavelets [44] . 

Three parameters play a significant role in the tuning of 

wavelets for function approximation in the context of WNNs. They 

Fig. 1. Structure of a Wavelet Neural Network. The network has m -wavelons in the 

hidden layer and one-neuron in the output layer. Notice the n direct weighted con- 

nections from the inputs to the output neuron. 

are dilation α, translation β and rotation R . For a general multi- 

dimensional WNN, its output can be described mathematically as 

y (x ) = 

m ∑ 

i =1 

w i ψ i [ αi R i (w x i x − βi )] + 

n ∑ 

j=1 

w o j x j + θ (1) 

where w i represents the weight of each wavelon structure, αi , β i 

and R i are the dilation, translation and rotation matrices respec- 

tively, w x i is the weight matrix of the collective inputs x connected 

to the wavelons, w o j is the weight of the inputs connected to the 

output neuron and bias θ is used for nonzero mean functions on 

finite domains [44] . 

2.1.1. Properties of WNNs 

WNNs have been used in several ways and have many variants. 

Fig. 2 shows a basic decomposition of a WNN and the different 

combinations that can be found in the literature. 

• Feedforward WNNs can only have one hidden layer, as opposed 

to many in a general ANN system. The major advantage of such 

a property is that hidden unit dynamics can be understood 

as percentage contributions of each neuron towards prediction. 

This property contributes to the network’s simplicity and a rel- 

atively fast convergence speed. 
• Wavelets have an intrinsic ability to analyze input patterns 

at different resolutions. For one-dimensional data, this corre- 

sponds to changing the width of the wavelet function. In any n - 

dimensional problem, patterns can be enveloped with wavelets 

of different widths, thus analyzing data at various levels of res- 

olution. 
• Zhang [43] argued and proved that wavelet networks pre- 

serve the universal approximation property that characterizes 

NNs. The behaviors of network weights and wavelet coefficients 

are linked and have a good approximation quality even when 

small networks are used. Moreover, WNNs have been found to 

achieve the same quality of approximation to that of a neural 

network, but with a reduced network size [43] . 
• The basic approach of constructing a WNN is to process the 

wavelets and the neural network separately. The inputs are de- 

composed by applying the wavelet transform based on ‘wavelet 

bases’ which are dyadic dilations and translations of the mother 

wavelet [43,45,46] . The wavelet coefficients are then forwarded 

to the neural network for training. This approach is called 

‘wavenet’ . The second approach refers to the wavelet theory and 

neural network combined into a single process [43] called the 

‘wavelet network’ . In this approach, dilations, translations and 

weights are optimized. As the scale and dilation can assume 
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