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a b s t r a c t

Domes and vaults, with or without inner ribs, can be modelled as pin-jointed networks with all their
members in compression. The Force Density Method is one of the most widely used form-finding meth-
ods for the computation of the equilibrium shape of pin-jointed networks. Mapping in topology, in con-
trast with other mapping methods, does not need an initial estimate of the equilibrium position as part of
the solution process. Patterns of force:length ratios are proposed in the present work with the aim of
designing compression structures with inner ribs. These patterns are based on the assignment of a higher
value of force:length ratio to certain groups of members (rib lines) in order to obtain ribs in the final
shape. In this paper a complete procedure for the design of vaults with inner ribs is proposed. Finally
two examples inspired by two vaults of the Cathedral of Granada (Spain) are shown using the proposed
procedure.

� 2017 Elsevier Ltd. All rights reserved.

1. Introduction

The Force Density Method (FDM) [1,2] is a widely known proce-
dure used to solve the form-finding problem in the design of pin-
jointed networks. Pin-jointed networks are composed of joints
(or nodes) and members (cables and/or rods). FDM is based on
the concept of the force density coefficient or force:length ratio,
q, defined as the ratio between the axial force and the length of
each branch of the network in its final form. The key point of
FDM is that the non-linear equilibrium equations of the pin-
jointed network are linearized, introducing given values for the
force:length ratios for each member of the mesh.

Hernández-Montes et al. [3] proposed a mapping method called
Topological Mapping (TM) which introduces a set of topological
rules to generate the mesh. If TM is not included in the FDM
(named TM-FDM when included) an estimate of the final form of
the structure has to be made in order to obtain the necessary map-
ping of the network and to start the form-finding process [4]. Other
form-finding methods can be seen in [5–7].

Compression structures such as domes and vaults subjected to
its self-weight (dead load) can be designed and modelled using
TM-FDM, introducing self-weight as an external force. The

introduction of self-weight in FDM causes the loss of linearity in
the problem since the weight of the structure depends on its final
shape. An iterative procedure based on TM-FDM for compression
structures was proposed by Carbonell-Márquez et al. [8] in order
to preserve the linearity of the equilibrium equations during the
form-finding process. The design process proposed in [8] resem-
bles the physical models used by the Spanish architect Antonio
Gaudí (1852–1926) [9,10] because the compression structure is
obtained as the inverse (by geometrical inversion with respect to
the horizontal plane) of a tension structure whose equilibrium con-
figuration has been obtained using TM-FDM.

The definition of connectivity using topological rules is well
covered in the relevant literature [3,11]. The method proposed in
Carbonell-Márquez et al. [8] allows the definition of different val-
ues of force:length ratios to each branch of the mesh. However, lit-
tle attention has been paid to the process of the assignment of
force:length ratios to the branches of the network and its influence
in the final equilibrium configuration of the structure. In this work,
the concept of force:length ratio pattern or q-pattern is introduced
with the aim of designing vaults with inner ribs. The design and the
structural analysis of compression structures are blended in the q-
pattern. Design because the assignation of force:length ratios to
each branch of the mesh determines the final shape. Structural
analysis because q-pattern defines the way in which forces (self-
weight) are transmitted to the supports. The equilibrium shape
of the resulting structure is intrinsically linked to the q-pattern
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assigned to the mesh. In this way, given a determined mesh with a
determined topology, different q-pattern assignments will lead to
different structures.

The ribs have served in historical masonry structures, as stated
by Heyman in his milestone paper ‘‘The stone skeleton” [12], (a) as
a necessary structural element of the completed vault since they
are the reinforcement along the creases of the shell which are lines
of potential weakness, (b) as permanent formwork for constructing
the shell, and (c) as a mask to hide the joint between two shell sur-
faces. This paper shows how the use of q-patterns allows the intro-
duction of templates of force:length ratios in order to obtain
different types of ribbed vaults. Some guidance is provided in rela-
tion to the q-patterns choice in order to achieve the desired final
design.

The meshes obtained using TM are suitable for creating com-
pression structures with inner ribs by associating certain groups
of members of the network, called rib lines. Ribs are modelled
assigning greater values of force:length ratio to these particular
rib lines (which means that the rib lines carry higher load levels).
In the present work a compact procedure for the design of com-
pression structures with inner ribs based on q-patterns is
presented.

Symmetry is a characteristic which is present in most tradi-
tional designs of domes and vaults. The symmetry of the final con-
figuration is ensured (if desired) by taking into account some
additional conditions that are developed in this work. Two exam-
ples of q-pattern are also proposed which are inspired by two
existing ribbed vaults of the Cathedral of Granada (Spain), built
during the 16th and 17th Centuries.

2. Generic procedure for the computation of compression
structures with inner ribs using q-patterns

Fig. 1 summarizes the steps to follow, described throughout the
paper, in order to design compression structures with inner ribs.

The mesh is created using TM in step 1. In step 2 the FDM is applied
to the mesh adopting a unique q value (the same for all the mem-
bers); in this step the self-weight of the structure is not considered.
The equilibrium configuration obtained in step 2 is considered the
starting point of the procedure and aims to visualize the mesh and
get a better idea of the possible rib lines that could be defined
within the mesh. Afterwards, the designer defines the rib lines
assigning given q values for each branch (force:length ratio pattern
in step 3). If the designer seeks symmetry in the final shape, certain
conditions have to be imposed on the TM (dashed arrow in step 1).
In addition, for the newmethod which is presented, -that considers
ad hoc q-patterns-symmetry conditions have to be imposed on the
chosen q-pattern in order to obtain a symmetrical equilibrium
form (dashed arrow in step 3). The final equilibrium form is
obtained in step 4 after the application of an iterative procedure
that accounts for the self-weight of the structure [8].

It can be noticed that this design method computes the equilib-
rium configuration of a compression structure based on the equi-
librium of a pin-jointed mesh and assuming that the material is
non-deformable. However, the real structure corresponds to a
shell. For this reason a structural analysis of the entire structure
may be recommended [13], specially for different loading cases
(that include lateral loads, for instance). Carbonell-Márquez et al.
[8] showed that shell structures designed based on pin-jointed
meshes present negligible bending moments under self weight
loading.

3. Force density method

The FDM was introduced by Schek [1,2] as a form-finding
method for general networks. The input mesh is defined as a pin-
jointed structure composed of nodes and branches, in which some
nodes are fixed (acting as supports) whereas others are free to
move. The free points have to find a position in the space that pre-
serves the equilibrium of the whole structure. For this purpose, the
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Fig. 1. Proposed generic procedure for the computation of symmetric compression structures with inner ribs.
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