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We investigate the energy landscape of the spherical mixed 
even p-spin model near its maximum energy. We relate the 
distance between pairs of near maxima to the support of 
the Parisi measure at zero temperature. We then provide 
an algebraic relation that characterizes one-step replica 
symmetric breaking Parisi measures. For these measures, we 
show that any two nonparallel spin configurations around the 
maximum energy are asymptotically orthogonal to each other. 
In sharp contrast, we study models with full replica symmetry 
breaking and show that all possible values of the asymptotic 
distance are attained near the maximum energy.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction and main results

This work deals with geometric properties of general Gaussian smooth functions on 
the N dimensional sphere as N goes to infinity. The questions addressed in this paper 
can be phrased as: Where are the peaks of a random Morse function in a high dimen-
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sional sphere? How can we travel between two peaks and what is their typical spherical 
distance?

A rich description of the landscape of these functions is predicted by the theory of 
mean-field spin glasses. The functions that we consider here are known as the Hamilto-
nians of mixed spherical p-spin models. Our main result relates the above questions to 
the structure of the Parisi measure of these models at zero temperature. We confirm and 
make precise a common prediction by physicists, that the landscape of these functions 
near the maxima heavily depends on the number of levels of replica symmetry breaking 
(RSB). For references in the physics literature the reader is invited to see [12]. For ap-
plications of spin glass theory in computer science, neural networks and more see [11]
and the references therein.

We now describe the functions that we analyze in the terminology of spin glass theory. 
Let SN be the sphere

{
σ ∈ R

N :
N∑
i=1

σ2
i = N

}
.

Consider the Hamiltonian of the spherical mixed even p-spin model indexed by SN ,

HN (σ) = XN (σ) + h

N∑
i=1

σi (1)

for

XN (σ) :=
∑
p∈2N

c
1/2
p

N (p−1)/2

∑
1≤i1,...,ip≤N

gi1,...,ipσi1 · · ·σip ,

where gi1,...,ip ’s are i.i.d. standard Gaussian, h ≥ 0 denotes the strength of an external 
field, and the sequence (cp)p∈2N satisfies cp ≥ 0, 

∑
p∈2N cp = 1, and

∑
p∈2N

2pcp < ∞. (2)

It is easy to check that

EXN (σ1)XN (σ2) = Nξ(R1,2),

where

R1,2 := 1
N

N∑
i=1

σ1
i σ

2
i

is the normalized inner-product between σ1 and σ2, known as the overlap, and
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