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a  b  s  t  r  a  c  t

Players  of  coevolutionary  games  may  update  not  only  their  strategies  but also  their  networks  of  interac-
tion.  Based  on  interpreting  the  payoff  of  players  as fitness,  dynamic  landscape  models  are  proposed.  The
modeling  procedure  is  carried  out  for Prisoner’s  Dilemma  (PD)  and  Snowdrift  (SD)  games  that  both  use
either  birth-death  (BD)  or death-birth  (DB)  strategy  updating.  The  main  focus  is  on  using  dynamic  fitness
landscapes  as  a  mathematical  model  of coevolutionary  game  dynamics.  Hence,  an  alternative  tool  for  ana-
lyzing coevolutionary  games  becomes  available,  and  landscape  measures  such  as  modality,  ruggedness
and  information  content  can  be  computed  and  analyzed.  In  addition,  fixation  properties  of the  games  and
quantifiers  characterizing  the  interaction  networks  are  calculated  numerically.  Relations  are  established
between  landscape  properties  expressed  by  landscape  measures  and quantifiers  of  coevolutionary  game
dynamics such  as fixation  probabilities,  fixation  times  and  network  properties.

© 2017  Elsevier  B.V.  All  rights  reserved.

1. Introduction

For describing evolutionary dynamics the framework of fitness
landscapes has been introduced (Kauffman and Johnsen, 1991;
Richter and Engelbrecht, 2014; Stadler and Stephens, 2003). A
fitness landscape formulates relationships between genetic speci-
fications, individual instantiations, and their fitness. Together with
postulating differences in fitness over all possible genetic specifica-
tions and a moving bias towards higher fitness, the setup suggests
the picture of an evolving population that is moving directedly on
the landscape. On a conceptual level, this picture is based on the
notion of evolutionary paths that are created by the topological
features of the fitness landscape. Evolutionary paths are a succes-
sion of moves on the landscape with ascending fitness values. The
existence and abundance of such evolutionary paths gives rise to
estimates about how likely a transition from low-fitness regions to
high-fitness regions in the landscape is.

Apart from fitness landscapes, another approach for specify-
ing evolutionary dynamics is evolutionary games (Szabo and Fath,
2007; Nowak and Sigmund, 2004; Nowak, 2006; Maynard Smith,
1991). Evolutionary games are mathematical models of dynamic
interactions between individuals in a population and explain how
their behavioral strategies (for instance cooperation or competi-
tion) spread in a population. The main question is how adoption of
the strategies contributes to payoff allocation and consequently to
the fitness characterizing the success of each individual. An evo-
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lutionary game becomes dynamic if it is played iteratively over
several rounds and the individuals are allowed to change their
strategies and/or to recast the network describing with whom they
are interacting. Such an iterated evolutionary game comprises of
an evolving population of individuals acting as players and can be
seen as an expression of evolutionary dynamics.

Given the fact that there are two  frameworks for addressing evo-
lutionary dynamics, it is natural to ask about their relationships.
Unfortunately, both frameworks are not immediately compatible.
Although it is acknowledged that evolutionary games cast fitness
landscapes, it has become clear that such game landscapes change
with an evolving population of players (Nowak and Sigmund, 2004).
This is attributed to frequency-dependent selection. In other words,
game landscapes are dynamic. Based on some earlier results on
dynamic fitness landscapes, e.g. Foster et al. (2013) and Richter
(2008, 2014b), there are some first attempts at applying these
ideas to games, for instance Richter (2015). In this paper dynamic
landscapes are employed for analyzing coevolutionary games by
using and extending a framework introduced recently (Richter,
2016). Games are considered where the players may  update their
strategies (evolutionary games), see e.g. Allen and Nowak (2014),
Greenwood and Ashlock (2012) and Szabo and Fath (2007), but also
games where the players may  additionally change their interaction
network (coevolutionary games), see e.g. Perc and Szolnoki (2010),
Szolnoki and Perc (2009a) and Tanimoto (2007). In particular, it is
shown that the proposed method makes it possible to model and
analyze evolutionary games and coevolutionary games within the
same framework.

The paper is structured as follows. In Section 2, some basic def-
initions are given, and evolutionary and coevolutionary games are
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briefly recalled. Section 3 reviews game dynamics, particularly the
processes to update strategies and interaction networks. Dynamic
landscape models of coevolutionary games are introduced and dis-
cussed in Section 4. It is shown that evolutionary games can be
modeled by either player landscapes or strategy landscapes. As a
player landscape is dynamic due to frequency-dependence, it is dif-
ficult to extend such a model to coevolutionary games. This paper
introduces a method by which player-wise strategy landscapes
can be aggregated to obtain a game landscape, which is static for
evolutionary games and dynamic for coevolutionary games. The
modeling procedure is demonstrated for Prisoner’s Dilemma (PD)
and Snowdrift (SD) games that both use either birth-death (BD)
or death-birth (DB) strategy updating. It is further shown that BD
and DB updating yield landscapes with symmetry properties, and
that replacement restrictions entail symmetry breaking. Moreover,
the local topological features of absorbing configurations of the
games are interpreted as absorption structure. It is described how
landscape properties may  be linked to fixation via the absorption
structure. Section 5 reports numerical experiments on landscape
measures such as modality, ruggedness and information content.
Fixation probabilities and fixation times are calculated as well as
network measures characterizing the interaction networks of the
coevolutionary games. It is shown and discussed how the landscape
measures relate to both fixation properties and network measures.
Section 6 closes the paper with a summary and conclusions.

2. Definitions and game description

The coevolutionary dynamics of the games considered in this
paper stems from three levels of activity: (i) game playing, (ii)
updating the strategy, and (iii) updating the interaction network.
The game playing is done by a finite population of N players I that
use one of two strategies � during each round k = {0, 1, 2, . . . }. A
player Ii ∈ I,  i = 1, 2, . . .,  N, can either cooperate (Ci) or defect (Di).
A pairwise interaction between two players Ii and Ij (which can be
seen as player and coplayer) yields rewards in form of payoff (pi,
pj) as given by the payoff matrix

(1)

Here, T stands for temptation to defect, R is reward for mutual coop-
eration, P is punishment for mutual defection, and S is the sucker
payoff for cooperating with a defector. Depending on the numerical
values of (R, P, S, T) and their order, particular examples of the game
are obtained, which have become metaphors for studying social
dilemmas and discussing strategy selection along with the effect
on short- and long-term success in accumulating payoff (Maynard
Smith, 1991; Nowak, 2006). Most prominently, there are Prisoner’s
Dilemma (PD) games, where T > R > P > S, and Snowdrift (SD) games,
where T > R > S > P.

The payoff pi(k) of a player Ii in round k depends not only on
the player’s strategy �i(k) and the values of the payoff matrix (1),
but also on who its coplayer is (or more precisely as to what the
coplayer’s strategy is) and how many coplayers there are. The ques-
tion of who-plays-whom in a given round of the game is addressed
by the interaction network. A convenient way of expressing and
visualizing the interaction network is by using elements from evo-
lutionary graph theory (Allen and Nowak, 2014; Lieberman et al.,
2005; Ohtsuki et al., 2007; Shakarian et al., 2012). Evolutionary
graph theory places each player of the population on a vertex of an
(undirected) graph. This graph describes the interaction network
and consequently it can be called an interaction graph. As there are
no empty vertices and a vertex can only be occupied by one player,

the number of vertices of the graph equals the number of players
N. For each player, its coplayers are indicated by edges that connect
the vertex of the player with the vertices of the coplayers. Such an
edge defines the connected players to be adjacent. Each vertex can
have up to N − 1 edges (self-play is not allowed). As the degree d
is the number of edges incident with a vertex, the degrees of the
interaction graph equal the number of coplayers that are engaged
with each player in a single round. A graph is called regular if the
degree is the same for all vertices. Hence, a regular interaction graph
means that all players have the same number of coplayers.

The interaction graph can be described algebraically by its
(interaction) adjacency matrix AI, which is called an interaction
matrix. The matrix AI ∈ [0, 1]N×N is a symmetric N × N matrix with
entries aij = 1 indicating an edge between vertex i and j and aij = 0
showing that players Ii and Ij are not adjacent. The diagonal ele-
ments aii = 0 because there is no self-play. The symmetry of AI

reflects the fact that two  players Ii and Ij mutually engage in the
game. From the perspective of player Ii, the player Ij may be the
coplayer. If so, then from the perspective of player Ij , the player Ii

is the coplayer. Consequently, aij = aji in the adjacency matrix AI. If
all aij = 1 (except aii = 0), the graph is complete, meaning that every
player has all other players as coplayers and the evolutionary game
is understood to be well-mixed (Szabo and Fath, 2007). To summa-
rize, for describing completely and deterministically the game and
the allocation of payoff, apart from the payoff matrix (1) only two
other entities are necessary: the strategy vector � = (�1�2 . . . �N)
with �i ∈ [Ci, Di] and the adjacency matrix AI. This setting deter-
ministically fixes the payoff p = (p1, p2, . . .,  pN) for each player.
Hence, the distribution of payoff p(k) amongst the players remains
the same if the players were to engage in the game with the same
entities for a second time in round k + 1. Put another way  for these
entities being constant, the game can be seen as static. Conse-
quently, making the evolutionary game dynamic requires updating
either the players’ strategies or the interaction network, or both.

3. Coevolutionary game dynamics

3.1. Updating strategies

There is a huge amount of work devoted to the modes of updat-
ing the player strategies in evolutionary games (Allen and Nowak,
2014; Ohtsuki et al., 2007; Pattni et al., 2015). Most models use ver-
sions of stochastic strategy updating based on a Moran process, but
there are also works emphasizing limiting the effect of randomness
and including the self-interest of players, e.g. Greenwood and Avery
(2014). According to a Moran process, in each round a player Ii (or
more precisely its strategy) is replaced by (the strategy of) a player
Ij . The players Ii and Ij are selected at random, but the probabili-
ties of the selection may  not be uniform, for instance depending on
the players’ fitness, which may  vary. Versions of stochastic updat-
ing rules differ in several respects. Differences are, for example,
the actual probabilities that given players Ii and Ij are selected or
whether or not there is an order between selecting the player pro-
viding the strategy (the source) and selecting the player receiving
the strategy (the target). Finally, there may  be general restrictions
as to which players are allowed to be a possible source and/or
target of another player. Such predetermined restrictions imply
a replacement structure (Ohtsuki et al., 2007). Conceptually sim-
ilar to interaction, the question of who-may-replace-whom can be
described by a network of replacement. This network is expressible
by a replacement graph and consequently by a (replacement) adja-
cency matrix WR, which is called a replacement matrix. The matrix
WR ∈ R

N×N has entries wij ≥ 0, and wij > 0 indicates that player
Ii may  provide its strategy for player Ij to receive. The values of
wij > 0 contribute to the probabilities that player Ii is source and
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