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A B S T R A C T

A predefined mapping to tailor one or more freeform surfaces is employed to build a freeform illumination system.
The emergent rays from the light source corresponding to the prescribed target mesh for a pre-determined lighting
distance are mapped by a point-to-point algorithm with respect to the freeform optics, which involves limiting
design flexibility. To tackle the problem of design limitation and find the optimum design results, a freeform
lens is exploited to produce the desired rectangular illumination distribution at successive target planes at quasi-
far-field lighting distances. It is generated using numerical solutions to find out an initial starting point, and an
appropriate approach to obtain variables for parameterization of the freeform surface is introduced. The relative
standard deviation, which is a useful figure of merit for the analysis, is set up as merit function with respect
to illumination non-uniformity at the successive sampled target planes. Therefore, the irradiance distribution
in terms of the specific lighting distance range can be ensured by the proposed scheme. A design example of a
freeform illumination system, composed of a spherical surface and a freeform surface, is given to produce desired
irradiance distribution within the lighting distance range. An optical performance with low non-uniformity and
high efficiency is achieved. Compared with the conventional approach, the uniformity of the sampled targets is
dramatically enhanced; meanwhile, a design result with a large tolerance of LED size is offered.

1. Introduction

With the development of semiconductor technology, the light output
efficiency of light emitting diodes (LEDs) has been enhanced signifi-
cantly [1,2]. Thus, they are attracting considerable attention in lighting
and imaging optical system applications due to their compactness,
long lifetime, and environmental-friendliness. For example, smart LEDs,
which provide a real-time tunable spectrum, tailor white light accord-
ing to different environments because of their unique controllability
property [3], and displays [4,5] in which LEDs play a very important
role in providing backlight for image panels. Among these applications,
perfect optical performance and high light output efficiency within the
prescribed region are desired. As a result, secondary optical design of
LEDs luminaries is explored to fulfill the requirements of high efficacy
and uniform illumination pattern on the target plane.

Considerable research on secondary optical design of LEDs has been
carried out over the past several years. Freeform lenses are one of the
most common optical elements for redistributing the emitting rays into
prescribed regions due to their high degree of design freedom.

The inverse of illumination problem can be reduced to find a solution
of the second order nonlinear partial differential equations [6–9]. Aim-
ing to solve these equations, initial values and boundary conditions were
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demanded, and then some practical methods were employed to solve
the equations, such as Newton’s method, the multi-grid method and the
B-spline collocation method [10]. Other methods, such as the supporting
quadric method (SQM) were adopted to tackle the illumination design
issue [11–13]. A set of illumination points was produced by the lens
when the intensity distribution of light source was discretized. However,
surface pitches were utilized to generate a smooth freeform surface [14].

In addition to the methods mentioned above, an alternative method
based on the mapping of equal-flux grids between the source and target
was introduced. There are many approaches for transporting the flux
from source to target plane, such as the (𝜃, 𝜑) and the (𝑢, 𝑣) grids.
Due to the unsatisfactory results from the integrability condition for
providing a smooth surface, discontinuous freeform lenses have been
suggested [15,16]. Unfortunately, this led to manufacturing difficulty
for the freeform lens, and feedback optimization has been employed
to obtain a desired illumination distribution with a smooth surface
[17–19]. Based on SQM, a source–target mapping was generated that
can meet the integrability condition for a smooth surface [20,21]. It
is worth noting that a double-pole method was proposed to compute
the source–target mapping [22,23]. Because of the excellent topological
match of the sampled grids between source and target, a smooth
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Fig. 1. (a) Current freeform illumination design method for a pre-designated lighting distance; (b) expected results of successive illumination targets.

freeform surface can be constructed. However, in the most general
methods, the topological mapping is strictly fulfilled only for a spe-
cific lighting distance. The optical performance got worse when the
illumination distance beyond the pre-determined distance. For practical
applications, producing satisfactory performance outside the prescribed
distance is still essential.

An approach for producing successive illumination pattern forms
the desired illumination distribution within a range of distance has
been exploited. The mapping between the source and the prescribed
irradiance distribution on the target screen for the pre-defined lighting
distance is established and a flexible and effective method to character-
ize the freeform surface is presented. A local optimization algorithm is
conducted to address the non-uniformity at the pre-determined lighting
distance of the illumination system. A freeform illumination system
composed of a spherical surface and a freeform surface is provided to
demonstrate the feasibility of our proposed scheme. The simulation re-
sults indicate that the proposed approach can improve the illumination
distribution within the lighting distance range. As a result, for practical
applications, because of the movability of the target, the illumination
performance can be maintained using the proposed strategy. Designing
a freeform illumination system for forming desired illumination at
multiple lighting targets is of great interest and significance.

2. Statement of the problem

The topological mapping between the source and the target, which
appears to be quite effective for separating the integration variables,
is utilized to describe the flux transportation route from the source to
the target. This has been demonstrated to be useful for constructing
freeform lenses, and very practical for producing uniform irradiance
distribution on the target plane. In this method, the emitting grid of
the source intensity is represented using two specific parameters, while
the target screen mesh is determined in accordance with the law of
flux conservation. In other words, in the conventional design scheme,
the freeform lens is generated just for a specific pre-defined lighting
distance. To illustrate the issue in conventional freeform lens design,
in Fig. 1(a), a simplified sketch is represented for the problem of
the topological mapping method applied in freeform optics. Since the
topological mapping does not satisfy the point-to-point condition, the
irradiance distribution at the prescribed region is directly influenced
with respect to the forward and backward movement of the target plane.
Therefore, there is a substantive limitation of the conventional freeform
lens design approach.

To overcome the aforementioned limitation, we propose an im-
proved strategy for freeform lens design. The optimization design
approach is employed to address this problem. Multiple uniformly illu-
minated targets can be achieved as illustrated in Fig. 1(b). This approach
makes the target distribution insensitive to the lighting distance. In
this proposed strategy, the target screen can be located at any distance

Fig. 2. Schematic illustration the geometric relationship between the freeform
lens and the rays.

within the pre-designated range, rather than just located at a specific
position as the traditional design approach. The corresponding illumi-
nation distribution is obtained with high uniformity, while maintaining
the shape of the illumination pattern.

3. Design methodology

Fig. 2 shows the optical principle of the freeform lens for producing
a uniform illumination distribution. The light source is set as the origin
of the Cartesian coordinate system, while the optical axis along the 𝑧-
axis is established. The target screen is located at a distance 𝐿𝑧 from
the origin and is perpendicular to the optical axis. The freeform lens
is composed of two surfaces; the inner surface is a spherical surface,
and the external surface is a freeform surface. An arbitrary ray of the
emitting light rays is refracted by the spherical surface, and then its
emergent ray is redistributed by the freeform surface to point 𝑇(𝑥,𝑦,𝑧) on
the target plane.

3.1. Initial freeform surface obtainment

Since the optimization scheme is highly determined by the initial
design, an initial design that is close to the final solution for the future
optimization scheme is required to obtain a desirable result. The first
part of this work is to find an initial design based on the double-pole
method introduced in a previous work [23]. This method is utilized to
obtain an initial feasible starting design. As described in Fig. 3, the light
source is located at the center of the unit sphere 𝑥2 + 𝑦2 + 𝑧2 = 1, and
the intensity is defined from the south pole 𝑂′; to a point (𝑥, 𝑦, 𝑧) on the
unit sphere described by the (𝜂, 𝜁) coordinate, then it can be expressed
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