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Abstract
Length of intervals a#ects forecasting results in fuzzy time series. Unfortunately, the issue of how to determine e#ective
lengths of intervals has not been touched in previous studies. This study proposes distribution- and average-based length
to approach this issue. Distribution-based length is the largest length smaller than at least half the 4rst di#erences of data.
Average-based length is set to one half the average of the 4rst di#erences of data. Empirical analyses show that distributionand average-based lengths are simple to calculate and can greatly improve forecasting results; in particular, they are superior
c 2001 Elsevier Science B.V. All rights reserved.
to the randomly chosen lengths used in previous studies. 
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1. Introduction
The concept of fuzzy time series was 4rst proposed
by Song and Chissom [2]. Since then, several other
studies have appeared [1,3,4]. However, there are still
many critical issues open. The determination of e#ective lengths of intervals is one of these.
Length of intervals greatly a#ects forecasting results
in fuzzy time series. Hence, an e#ective length of intervals can signi4cantly improve the forecasting results.
This study proposes distribution- and average-based
length to approach this issue. Chen’s model gave the
best results among previous studies [1,3,4] and hence
is selected as the target for comparison. The yearly
data on enrollments at the University of Alabama as
well as the daily data from Taiwan Stock Exchange
Capitalization Weighted Stock Index (TAIEX) are
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used to demonstrate the impact of e#ective lengths
of intervals on forecasting results. Empirical analyses
show that both distribution- and average-based lengths
are simple to calculate and can greatly improve on the
forecasting results obtained from previous models.
Section 2 brieBy introduces fuzzy time series.
Section 3 explains the relevant de4nitions of lengths
of intervals and proposes approaches to determine
e#ective lengths. Sections 4 and 5 compare the forecasting results of university enrollments and TAIEX
by various lengths of intervals. Section 6 o#ers some
conclusions.
2. Fuzzy time series
Let U be the universe of discourse, where
U = {u1 ; u2 ; : : : ; un }. A fuzzy set Ai of U is de4ned by
Ai = fAi (u1 )=u1 + fAi (u2 )=u2 + · · · + fAi (un )=un ;
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where fAi is the membership function of fuzzy set
Ai ; fAi : U → [0; 1]. uk is the element of fuzzy set Ai ,
and fAi (uk ) is the degree of belongingness of uk to
Ai : fAi (uk ) ∈ [0; 1] where 16k6n.
The concept of fuzzy time series was 4rst proposed
by Song and Chissom [2]:
Denition 1. Y (t) (t = : : : ; 0; 1; 2; : : :), is a subset of
R. Let Y (t) be the universe of discourse de4ned by
fuzzy set fi (t). If F(t) consists of fi (t) (i = 1; 2; : : :);
F(t) is de4ned as a fuzzy time series on Y (t) (t = : : : ;
0; 1; 2; : : :).
Following De4nition 1, relevant de4nitions are
proposed.
Denition 2. If there exists a fuzzy relationship
R(t − 1; t), such that F(t) = F(t − 1) × R(t − 1; t)
where × represents an operator, then F(t) is said to
be caused by F(t − 1). (Note that the operator can
be either max–min [3], min–max [4], or arithmetic
operator [1].) When
F(t − 1) = Ai

and

F(t) = Aj ;

the relationship between F(t − 1) and F(t) (called a
fuzzy logical relationship in [3]) is denoted by
Ai → Aj :
Denition 3. Fuzzy logical relationships with the
same fuzzy set on the left-hand side can be further
grouped into a fuzzy logical relationship group [1].
Suppose there are fuzzy logical relationships such that
Ai → Aj1 ;
Ai → Aj2 ;
:::
They can be grouped into a fuzzy logical relationship
group
Ai → Aj1 ; Aj2 ; : : :
Following Chen’s model, the same fuzzy sets can only
show up once on the right-hand side of the fuzzy logical relationship group.

3. Lengths of intervals
For enrollment forecasting, Song and Chissom
choose 1000 as the length of intervals, without specifying any reason [3]. Since then, 1000 has been used
as the length of intervals in further studies [4,1]. How
the lengths of intervals a#ect forecasting results was
left unanswered in these studies. In fact, di#erent
lengths of intervals may lead to di#erent forecasting
results.
A time-series forecasting example is given with two
lengths of intervals to show that di#erent lengths of
intervals may lead to di#erent forecasting results and
forecasting errors.
Suppose we have the following time-series data:
6; 10; 12; 6; 4
The range U is set as [3; 13]. If the length of intervals is chosen as 5, there are two intervals: u1 = [3; 8]
and u2 = [8; 13]. According to Chen’s model, the
forecasting mean squared error (MSE) is 10. On the
other hand, if the length of interval is set to 2, there
are 4ve intervals: u1 = [3; 5]; u2 = [5; 7]; u3 = [7; 9];
u4 = [9; 11], and u5 = [11; 13]. The MSE is 4.5. Obviously, di#erent lengths of intervals result in di#erent
forecasting errors.
Hence, the determination of the lengths of intervals, especially e#ective ones, is never trivial in the
forecasting of fuzzy time series. An eLcient way to
choose e#ective lengths of intervals is therefore critical to improve forecasting in fuzzy time series. A key
point in choosing e#ective lengths of intervals is that
they should not be too large or small. When an effective length of intervals is too large, there will be
no Buctuations in the fuzzy time series. On the other
hand, when the length is too small, the meaning of
fuzzy time series will be diminished. In oder to reBect Buctuations properly and to keep fuzzy time series meaningful, the heuristic is set in such a way that
at least half the Buctuations in the time series are reBected by the e#ective lengths of intervals.
The Buctuations in fuzzy time series can be represented by the absolute value of the 4rst di#erences
of any two consecutive data (the 4rst di#erences
hereafter). Hence, the heuristic can reBect at least
half the 4rst di#erences. Based on this idea, two
approaches are proposed: distribution- and averagebased length. Distribution-based length is calculated

