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Abstract

Successful implementation of automated manufacturing systems highly depends on e!ective utilization of resources.
E$cient scheduling algorithms for alternative process plans may increase the throughput rate and guarantee a reason-
able return on investment. This paper investigates an optimization methodology for scheduling jobs in a just-in-time
environment. We consider the non-preemptive case where each job consists of a distinct number of operations to be
processed in a speci"ed order. Each operation has to be processed on one of a set of resources (e.g. machines) with
possibly di!erent e$ciency and hence processing time. The objective is to minimize the sum of the weighted quadratic
tardiness of the jobs. We obtain a fast near-optimal algorithm with guaranteed bounds for the distance to the optimum
by using Lagrangian relaxation and show that just one relaxation su$ces. � 2001 Elsevier Science B.V. All rights
reserved.
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1. Introduction

Scheduling in a just-in-time environment is con-
sidered one of the most important resource plan-
ning issues in a production system with varying
products and small lots. Increasing computer sup-
port in industrial practice will enable the #exibiliz-
ation of production towards alternative machines.
But even small-sized problems need time-consum-
ing enumeration to "nd the optimum, moreover if
there exist alternative process plans. It is unlikely
that a polynomial time algorithm for "nding the
optimum exists, as except for special cases schedul-
ing problems are NP-complete. Therefore, we pres-
ent an algorithm that "nds a good solution, whose

computational e!ort grows just (pseudo-) linear in
the number of operations and machines and sup-
plies a lower bound as well. If the processing times
required for the operations are within a reasonable
range, a reaction to a machine breakdown should
be achievable in real time, especially if the algo-
rithm is parallelized [1]. To reduce the response
time, the relaxed problems for the jobs may be
solved in parallel, as they are independent.
The paper is organized as follows: Section 2 con-

tains a short literature review and other approaches
to the problem. The model description and a con-
strained discrete-time integer optimization formu-
lation of the problem is presented in Section 3.
Section 4 describes the Lagrangian relaxation tech-
nique, the solution of the subproblems, the modi"-
cation of the multipliers via a subgradient
technique and the heuristic to get a feasible solu-
tion. Test results are presented in Section 5 and the
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correctness of the algorithm is shown in the appen-
dix.

2. Literature review and other approaches

Most schedulers in industry use heuristic proced-
ures, like rules that use criteria of slack, processing
times, the amount of work-in-process or combina-
tions of them to decide, which operation to be
processed next on the earliest available machine.
The computation requirements for these heuristic
rules are moderate and they can give a quick an-
swer, if one has to react to dynamic changes [2].
But in general there is not way to tell, if the result-
ing schedule is good or not, unless the optimum is
known. Enumerative methods that "nd the opti-
mum still need a prohibitive amount of computa-
tion time for even rather small problem sizes. The
time grows exponentially with the number of op-
erations, despite results like [3,4], who solved the
10/10 problem posed in [5] within reasonable time
for the function makespan, which is easier as those
involving due dates. Lagrangian relaxation was
"rst successfully applied to the travelling salesman
problem. Fisher [6] adapted this method to sched-
uling problems with limited resources. Alternative
process plans have been investigated in e.g. [7]. The
technique presented here is based on [8]. It is
extended to alternative process plans, i.e. resources
with possibly di!erent e$ciency for the same op-
eration. We require just one relaxation and develop
a fast algorithm for solving the subproblems in
(pseudo-) linear time.

3. Model and optimization problem formulation

We consider the non-preemptive scheduling of
jobs with due dates that have to be met and alterna-
tive process plans. Each job consists of a given
number of operations to be processed in a speci"c
order. There may be timeouts between the opera-
tions, but once begun, an operation has to be "nish-
ed. There may be graph-like precedence constraints
among the operations of a job. For simplicity of
de"nitions we assume to have a linear ordering.
The operations require resources for a speci"ed

amount of time. The considered resources are im-
plicitly understood to be machines, but this could
be tools, transport vehicles or containers, pallets or
workers as well. In the process plan the resources or
groups of machines are "xed, that may process an
operation and how long it takes. This processing
time for an operation may vary for di!erent re-
sources that may process this operation. The ma-
chine capacities are "nite and may be time
dependent like shifts and timeouts for maintenance,
but are known in advance. Each job may have
a weight according to its importance and has an
earliest start time and a due date and a penalty is
applied when the due date is not met. As we want to
produce just-in-time, this penalty could be some
function of the tardiness. The objective function
chosen to be minimized is the sum of the weighted
quadratic tardiness for each job A

�
. Thus the in-

cremental penalty of a job increases as the tardiness
increases and the penalty is higher for a job being
two time units late than two jobs being just one unit
late. The schedule is given in terms of start times of
the operations.
The planning horizon will be divided into dis-

crete time units (e.g. minutes, hours, shifts, days)
and is assumed to be long enough. The length may
be determined using a heuristic. Following [8] and
[7] in a slightly di!erent setting we formulate the
constrained discrete-time integer optimization
problem using the following variables:

A
�

ith job,
OP

��
jth operation of the ith job,

N
����

number of time units, i.e. length of time
horizon,

N
���

number of jobs,
N

�
number of di!erent groups of machines,

N
���

number of operations of job A
�
,

f
�

earliest start time of job A
�
,

s
�

due date of job A
�
,

M
���

number of available machines in group l at
time unit t,

K
��

set of machine groups that may process op-
eration OP

��
,

g
��

possible machine group for processing op-
eration OP

��
, g

��
3K

��
,

d
���

processing time for operation OP
��
of a ma-

chine of group l, if possible (l3K
��
),
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