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a b s t r a c t
Continuous time models of single exploited populations usually generate outcomes expressing a dependence of yield and economic items on harvest intensity. In this work it is shown that a known threshold
policy is able to generate yield and related economic items that do not depend on harvest intensity, but
rather on the values of the population threshold itself and the species intrinsic parameters. It is argued
that since this result can be carried over to other models of single species dynamics, it may have significant implications in the management and conservation of exploited populations.
Ó 2011 Elsevier Inc. All rights reserved.

1. Introduction
Single as well as multispecies harvesting has been a subject of
theoretical and empirical studies [21]. As to single species exploitation, ﬁxed quota and ﬁxed proportion harvest policies have been
applied in the management of natural populations both in continuous and discrete time settings. Besides the two strategies named
above, threshold policies have also been proposed as a means of
population management [19]. Basically, threshold policies consist
of two or more thresholds that dictate different harvest strategies
according to the population level with respect to the considered
thresholds. In this work it is shown that threshold strategies of
exploited populations can generate sustainable yield and related
economic items with harvest intensities (e.g., ﬁshing effort) that
would otherwise cause species extinction if they were continuously applied. To some extent, this result can be carried over to
other continuous single species models and therefore may have
signiﬁcant implications in the management of exploited populations regarding economic and conservation issues.
2. A threshold policy applied to a logistic growth model under a
ﬁxed proportion harvest strategy
A single population continuous time model under continuous
harvest can be cast as follows:
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dx
¼ f ðxÞ  gðxÞ:
dt

ð1Þ

f(x) is the productivity as a function of species density x. A commonly used form of this function is the logistic growth, i.e.,
f(x) = rx(1  x/K), where r is the species intrinsic growth rate, K is
the carrying capacity. g(x) is a density dependent function dictating
any rate per unit time of species removal (e.g., harvest, grazing,
etc.). This function can take on many forms, such as: (i) g(x) = ex –
a ﬁxed proportion harvest rate per unit time; (ii) g(x) = C – a constant harvest per unit time. Both instances can lead to species
extinction, depending on their magnitude.
Given the general setting (1), the proposed threshold policy
(hereinafter called TP), /(x), applied to (1) yields

dx
¼ f ðxÞ  /ðxÞgðxÞ;
dt

ð2Þ

with


/ðxÞ ¼

a1 ; if x > xth ;
ða1 ; a2 P 0Þ:
a2 ; if x 6 xth ;

ð3Þ

xth is the threshold level that should be chosen according to the
problem to be solved (see Fig. 1 for xth > 0).
The model given by (2) and (3) is equivalent to

dx
¼
dt



f ðxÞ  a1 gðxÞ if x > xth ;
f ðxÞ  a2 gðxÞ if x 6 xth :

ð4Þ

a1 > 0 and a2 = 0 describe the important and frequently used case
when harvest is completely curtailed at low population levels.
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dx
x
¼ rx 1 
 /ðxÞex;
dt
K

ð5Þ

which is equivalent to

dx
¼
dt

Fig. 1. Graphical representation of the TP with a1, a2 > 0 and xth > 0.

When a1, a2 > 0 with a2 < a1, it represents the case where harvest
intensity is reduced at low population levels.
Within this setting, this policy creates two systems (actually,
two structures, and hence the name variable structure system
[22]) with their own equilibrium points, separated by the threshold level. A schematic phase plane x, dx/dt is depicted in Fig. 2.
Notice in Fig. 2 that the choice of the threshold can be made so
that the equilibrium points of each structure are placed in opposite
regions.
Deﬁnition 1. If the equilibrium points are located in their opposite
regions, they are named virtual equilibrium points. Otherwise,
they are called real equilibrium points.
Hence in Fig. 2, if both equilibrium points are locally or globally
stable and virtual, they will never be attained by their respective
dynamics, since they change as soon as the trajectories cross the
threshold.


Consider a logistic growth rate, f ðxÞ ¼ rx 1  K1 , together with a
proportional harvest rate, g(x) = ex. Consider also a1 = 1 and a2 = 0,
i.e., the removal (with intensity e) is enacted whenever the population level x is above xth, while removal is stopped when x 6 xth.
This yields,

Fig. 2. An hypothetical plane x, dx/dt where the reduced harvest and reduced
harvest regions are determined by the level x = xth (dashed line). Notice that the
equilibrium points are located in opposite regions, hence they are virtual equilibrium points. s – equilibrium point of the reduced harvest region; j – equilibrium
point of the increased harvest region. The solid arrow indicates the vector ﬁeld
directed to the no harvest equilibrium point, while the dashed arrow indicates the
vector ﬁeld directed to the harvest equilibrium point.

(



rx 1  Kx  ex if x > xth ;


rx 1  Kx
if x 6 xth :

ð6Þ

System (5) or (6) consists of two structures: (i) no harvest region
(NH) where x 6 xth, with a globally stable equilibrium point xNH = K;
(ii) harvest region (H) where x > xth and e > 0, which
generates a

globally stable equilibrium point xH ¼ K 1  er . For any e > 0,
xNH > xH. That is to say, if the no-harvest equilibrium point is in
the no-harvest region, then the harvest equilibrium point must be
in the same region.
Hence, when e > 0 in the logistic model, the choice of a thresh

old such that K 1  er < xth < K, will render the globally stable
equilibrium points of each structure – xH ¼ K 1  er and xNH = K –
virtual (located in opposite regions), and therefore they can never
be attained by their respective dynamics. Besides, this position of
the threshold xth creates opposed vector ﬁelds (the signs of dx/dt
of each structure) in its vicinity, as depicted in Fig. 3 (cf. the schematic view in Fig. 2).
However, it is important to stress that in the case of Fig. 3 (i.e.,
e < r), the occurrence of a sliding mode
depends on e, since virtual


equilibrium will exist only if xH ¼ K 1  er < xth < K.
Fig. 4(a) is a speciﬁc case of Fig. 3 where (without loss of generality) e P r, which inevitably causes species extinction in the logistic model (i.e., NH = 0). Accordingly, choosing 0 = xH < xth < xNH = K,
both globally stable equilibrium points of each structure will be
virtual. For any initial condition x(0) > 0 in any region, the trajectory will tend towards the opposite region (see the arrows in
Fig. 4(a)). As soon as the trajectory crosses xth, the vector ﬁeld will
send it back to the opposite region. This alternation of the signs of
dx/dt in the neighborhood of the threshold will entail a sliding
mode along xth [22], as shown in the time dynamics of Fig. 4(b).
So, in the variable structure system given by model (6), the conjunction of virtual equilibrium and opposing vector ﬁelds in the
vicinity of the threshold can generate a sliding mode (however, it
is important to mention that virtual equilibrium is not a necessary
condition for a sliding mode to occur [8,9]). That is to say, the severely harvested species (under a ﬁxed proportion harvest strategy) that would otherwise go extinct stabilizes at a new steady
state (the chosen threshold xth) by means of rapid alternation of
harvest intensities e = 0 and e P r along the species threshold xth.
It is important to emphasize, though, that stabilization of a heavily
exploited species is attained at the cost of rapidly alternating

Fig. 3. The logistic growth curve, the harvesting rate curve (slanted line) and the


stopping rule xth (vertical line) depicted in the plane x; dx
. In this case, xH ¼ K 1  er ,
dt
a globally stable equilibrium point for the harvest structure (j), lies in the no
harvest region; in turn, xNH = K is also a globally stable point for the no harvest case
(s) lies in the harvest region-both are virtual equilibrium points. Besides, the vector
ﬁelds of each structure point to each other in the vicinity of xth.

