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a b s t r a c t
We estimate MIDAS regressions with various (bi)power variations to predict future volatility –
measured via increments in quadratic variation. Instead of pre-determining the (bi)power
variation we parameterize it and estimate the intra-daily return power transformation that
optimally predicts future increments in quadratic variation. We ﬁnd that the longer the
prediction horizon, the smaller the optimal power transformation.
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1. Introduction
The prediction of stock market volatility is a topic that demands attention from both academics and practitioners. Asset
allocation, risk management, pricing of assets, are only a few examples where volatility modeling plays a key role. Not surprisingly, a
lot has been written about the topic. The seminal work by Engle on ARCH-type models has generated a fertile research area over the
last two decades, and many ﬁnancial institutions trade billions of dollars on a daily basis – where trading is based one way or another
on volatility predictions. This applies both at the microstructure level – where limit order book dynamics are volatility driven – as
well as at the macro level, where aggregate economic variables affect the long run predictions of market ﬂuctuations (see e.g. Engle
et al., 2006). The current paper brings together insights from various existing results: (1) the original ﬁndings regarding persistence
in power-transformed returns noted by Ding et al. (1993), (2) the extensive literature on using high frequency ﬁnancial data to
predict volatility using data-driven measures, and (3) the Mixed Data Sampling (henceforth MIDAS) regression models used by
Ghysels et al. (2006) and Forsberg and Ghysels (2007) to formulate regression-based prediction models.
Ding et al. (1993) examine autocorrelations of power transformations of daily returns (i.e. |rt|δ) and ﬁnd that they are the strongest
when δ is around 1. More precisely, Ding et al. (1993) use S&P500 stock market daily closing price index for a period from Jan 3,1928 to Aug
30, 1991. On the other hand, Ding and Granger (1996) use daily foreign exchange rate returns for the DM/$ from Jan 1971 to March 1992
and they ﬁnd that the power transformation of the absolute return series with δ = 14 appear to have strong and persistent autocorrelation.
These ﬁndings prompted them, and others, to consider ARCH-type models based on absolute returns, instead of squared returns.
The drawback of ARCH-type models based on power transformations is that they predict future |rt + i|δ for some i N 0 and δ b 2, based
on past |rt − j|δ with j N 0 and the same δ. Often we are not interested in |rt + i|δ per se, but rather future |rt + i|2, that is volatility measured
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with squared returns. The question is whether we can use past |rt − j|δ with δ ≠ 2 to predict future volatility. In the current data-rich
environment of high frequency ﬁnancial series the question can be rephrased as follows: can we predict future increments in quadratic
variation – measured as the sum of intra-daily squared returns, i.e. realized variance (henceforth RV) – with past realized power
variation – where the latter are say daily sums of δ-powered absolute intra-daily returns (see Barndorff-Nielsen and Shephard (2003)) for
discussion of power variation measures). The purpose of this paper is to examine whether there are indeed gains – in terms of volatility
forecasting – to be made by considering past power variations where one estimates the parameter δ as part of the prediction problem.
The topic of the paper is most directly related to the work of Forsberg and Ghysels (2007) who study the prediction problem of
future realized volatility using past absolute power variation, i.e. δ = 1. Hence, Forsberg and Ghysels (2007) do not estimate which
power variation to use. In a sense, what is being investigated in the paper are the gains from letting the data decide what power
variation is optimal in the context of a MIDAS regression prediction of future increments in quadratic variation. There are costs and
beneﬁts to the analysis pursued here. For example, if the optimal value is close to one, then the approach in Forsberg and Ghysels
(2007) may still dominate as estimation uncertainty may undo all gains from considering the explicit estimation of δ. On the other
hand, if δ is indeed far away from one, then despite sampling error, we may be better off to estimate the optimal power – where
optimal means yielding the best predictability in a least squares sense. It is the purpose of the paper to examine these issues.
The paper is organized as follows. Section 2 introduces various volatility measures of our interest and their asymptotic
properties. Section 3 investigates various correlation structure between RV and the measures introduced in Section 3 to motivate
the empirical model building in Section 4. Section 4 introduces MIDAS regression framework, presents estimation results, and
comparison of forecasting performance among the models. Section 5 concludes the paper.
2. Volatility measures
We start by specifying a returns process and assume that the true underlying log-price process pt follows a Brownian
semimartingale:
Z t
Z t
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where W is a standard Brownian motion, a is a predictable and has locally bounded sample paths, and the spot volatility has cádlág
sample paths. Both a and σ can have jumps, intraday seasonality and long memory. We deﬁne the (discrete) daily log return as
rt;t − 1 = lnPt − lnPt − 1 = pt − pt − 1

ð2:2Þ

where the t refers to daily sampling (henceforth we will refer to the time index t as daily sampling). The intra-daily return is then
denoted
M
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ð2:3Þ

where 1/M is the (intra-daily) sampling frequency. For example, when dealing with typical stock market data we will use M = 78
corresponding to a ﬁve-minute sampling frequency. It is possible to consistently estimate quadratic variation over some period [t,t+H]
by summing squared intra-daily returns, yielding the so called realized variance, namely:
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When the sampling frequency increases, i.e. M → ∞, then the realized variance converges to the quadratic variation. More
speciﬁcally,
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where the convergence is in probability, locally uniform in time.
The second and third measures of volatility are based on sums of powers and product of powers of absolute returns. The former
is called realized δ-th order power variation and is deﬁned as
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and the latter is called realized δ1,δ2-th order bipower variation and is deﬁned as
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