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Abstract
We model the time series of the S&P500 index by a combined process, the AR+GARCH
process, where AR denotes the autoregressive process which we use to account for the short-range
correlations in the index changes and GARCH denotes the generalized autoregressive conditional
heteroskedastic process which takes into account the long-range correlations in the variance. We
study the AR+GARCH process with an initial distribution of truncated L9evy form. We :nd that
this process generates a new probability distribution with a crossover from a L9evy stable power
law to a power law with an exponent outside the L9evy range, beyond the truncation cuto;. We
analyze the sum of n variables of the AR+GARCH process, and :nd that due to the correlations
the AR+GARCH process generates a probability distribution which exhibits stable behavior in
the tails for a broad range of values n—a feature which is observed in the probability distribution
of the S&P500 index. We :nd that this power-law stability depends on the characteristic scale
in the correlations. We also :nd that inclusion of short-range correlations through the AR process
is needed to obtain convergence to a limiting Gaussian distribution for large n as observed in
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the data. 
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1. Introduction
Application of statistical physics methods to analyze probability distribution functions
(PDFs) of :nancial data has attracted recent interest. Much work [1–21] has been
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devoted to determine precisely the functional form of these PDFs. For the S&P500
stock index, it has been shown [7,21] that the central pro:le of the PDF is well
described by the L9evy distribution [22]. Recent analyses [21] of high frequency data
have shown that the PDF is described by a crossover to a power law, with exponent
1 +  well beyond the L9evy range (0¡¡2). (The data cover the period 1 January
1985 to 31 December 1995, and the time interval between successive records of the
index is 1 min.) The tails of the PDF appear to exhibit stability for long but :nite time
scales.
In addition to the form of PDFs, other important, but complementary related quantities, are the absolute value and variance of price changes, which are commonly used
as measures of the risk [3]. For the S&P500 index, in contrast to time series of price
changes that show only short-range correlations [9,21,23], the time series of absolute
values of price changes exhibit long-range correlations [23–27]. It is natural to ask how
slow-decaying (long-range) correlations in the variance may be related to the scaling
behavior observed in PDFs.
To describe the S&P500 index, we analyze the generalized autoregressive conditional
heteroskedastic (GARCH) process [28] to take account of correlations in the variance
of price changes. (A process is autoregressive if variable xt depends on its own lagged
values. Heteroskedasticity is related with non-constant variances.) In addition to the
GARCH process, we employ the autoregressive (AR) process [29] to account for the
e;ect of the short-range correlations in price changes and develop a combined process,
the AR+GARCH process. We show that due to the GARCH process, the AR+GARCH
process generates the power-law tails in the PDF with an exponent outside the L9evy
range. (Power-law tails in distributions can be obtained in multiplicative processes
introduced in Refs. [30] and [31].) The GARCH process itself is constructed out of
independent and identically distributed (i.i.d.) stochastic variables speci:ed by arbitrary
PDF. With the choice of truncated L9evy PDF [32], we model the crossover behavior in
the PDF of the AR+GARCH process as observed in the data [21]. We study a process
that is the sum of n AR+GARCH variables to probe for large n the stability of the
PDF. For this new process, we :nd long-range correlations in the variance arising from
the GARCH process. We also identify the long-range correlations as the source of the
empirically observed stability for a range of time scales in the power-law tails of the
PDF.

2. The GARCH process for a truncated Levy distribution
2.1. The GARCH process
Let us de:ne an independent and identically distributed (i.i.d.) stochastic variable
vt with zero mean (vt  = 0) and unit variance (vt2  = 1). The generalized autoregressive conditional heteroskedastic (GARCH) process xt [28] is a discrete time stochastic

