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The parameters of stock policies are usually determined to minimize costs while satisfying a target
service level. In a periodic review policy the time between reviews can be selected to minimize costs
while the order-up-to-level is based on the fulﬁlment of a target service level. Generally, the calculation
of this service measurement is obtained using approximations based on an additional hypothesis
related to the demand pattern. Previous research has shown that there is a substantial difference
between exact and approximate calculations in some general circumstances, so in these cases the
service level is not accomplished or the stock level is overestimated. Although an exact calculation of
CSL was developed in previous work, the computational effort required to apply it in practical
environments leads to the proposal of two approximate methods (PI and PII) that, with the classic
approximation, are analysed and evaluated in this paper. This analysis points out the risks of using the
classic approximation and leads one to suggest PII as the most suitable and accurate enough procedure
to compute the CSL straightforwardly in practice. Additionally, a heuristic approach based on PII is
proposed to accept or reject an inventory policy in terms of fulﬁlling a given target CSL. This paper
focuses on uncorrelated, discrete and stationary demand with a known distribution pattern and
without backlog.
& 2010 Elsevier B.V. All rights reserved.
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1. Introduction and literature review
The estimation of the cycle service level, CSL, in the traditional
periodic review, order-up-to-level (R, S) system is based on the
assumptions detailed by Silver et al. (1998) that are inappropriate
when managing intermittent and slow movement demand items.
It is especially relevant for the purpose of this paper that one of
the main underlying assumptions related to the (R, S) formulation
is the negligible chance of no demand between two consecutive
reviews. This is because in an intermittent demand context:
(i) the probability of no demand when the physical stock is equal
to zero is not negligible and (ii) there is a chance of no demand
during the replenishment cycle. However, despite the violation of
this hypothesis the traditional (R, S) policy is applied in an
intermittent demand context such as the model suggested by
Syntetos and Boylan (2006) which is based on Sani and Kingsman
(1997), where demand during the lead time is modelled using the
negative binomial distribution or the model proposed by Leven
and Segerstedt (2004), which uses the Erlang distribution.
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According to Cardós et al. (2006), when the demand
pattern does not meet the hypotheses mentioned above, the
procedure used to estimate the service level is only approximate and eventually may show large deviations. The CSL is
deﬁned by Chopra and Meindl (2004) as ‘‘the probability of
not stocking out in a replenishment cycle’’. Silver et al. (1998)
deﬁnes the stockout as ‘‘an occasion when the available physical
stock drops to the zero level’’. Therefore, CSL is deﬁned as the
fraction of cycles in which the physical stock does not drop
to the zero level. Surprisingly, this deﬁnition, called classic in
this paper, does not take into account demand fulﬁlment.
Furthermore, if the system is managed using a (R, S) policy,
the classic deﬁnition leads one to consider that the CSL is equal
to one if there is no demand during the replenishment cycle.
For these reasons Cardós et al. (2006) suggest a more standard
and useful deﬁnition capable of dealing with any type of
stationary, discrete and independent and identically distributed
(i.i.d.) demand pattern as the fraction of cycles in which nonzero demand is completely met by the physical stock. In this
deﬁnition, the fulﬁlment of demand is explicitly considered and it
works properly even if there is no demand during the replenishment cycle. According to this standard deﬁnition, with the
physical stock at the beginning of the replenishment cycle being
z0 and DR the demand during this cycle, the exact CSL value is
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calculated as
CSLðz0 Þ ¼ PðDR rz0 jDR 4 0Þ ¼

P ð0 o DR r z0 Þ
PðDR 4 0Þ

ð1Þ

However, to compute the exact CSL when the physical stock at
the beginning of the replenishment cycle is not known a priori is
quite complex, requiring the availability of appropriate tools as
well as a sound mathematical background and eventually it may
also be time consuming. Therefore, the exact method to compute
the CSL is not an appropriate procedure to be widely used in a
business context. This fact justiﬁes the twofold objectives of this
paper. Firstly, it points out the risks of using the classic CSL
deﬁnition and secondly, this paper proposes two new approximations, PI and PII, in order to provide a suitable and accurate
approximate procedure to compute the CSL but which is
computationally simple enough to be used straightforwardly in
practice.
This paper is organized as follows. Section 2 is dedicated to
describing the derivation of the exact method to compute the CSL
for the (R, S) policy derived by Cardós et al. (2006), since this is the
starting point of this paper. Section 3 proposes approximations PI,
PII and the classic one. Section 4 presents a comparison between
the exact and the approximate methods to compute the CSL and
the discussion of the results from it. Section 5 compares the
performance of the approximations based on their ability to
provide the exact inventory policy and shows the risks involved.
Finally, conclusions and further research are brieﬂy pointed out in
Section 6.

zt ¼physical stock in time t from the ﬁrst reception,
Dt ¼accumulated demand during t consecutive periods,
X + ¼maximum {X, 0} for any expression X,
ft(  )¼probability density function of demand in t,
Ft(  ) ¼cumulative distribution function of demand during t
periods.
Cardós et al. (2006) consider the following assumptions to
derive the exact CSL method: (i) L is constant; (ii) backordering is
not allowed and therefore LoR; (iii) the replenishment order is
added to the inventory at the end of the period in which the order
is received; (iv) demand during a period is fulﬁlled with the
inventory at the beginning of that period and (v) the demand
process is assumed to be stationary with a known, discrete and
i.i.d. distribution function. Then, the authors consider that the
stock balance at R–L is
zRL ¼ ½z0 DRL  þ

ð2Þ

therefore
PðzRL ¼ jÞ ¼

S
X

PðzRL ¼ j9z0 ¼ iÞPðz0 ¼ iÞ

ð3Þ

i¼1

expressing (3) as matrixes
PðzRL Þ ¼ P ðz0 ÞUMRL

ð4Þ

where
MRL ¼ ½mji 

ð5Þ

and according to (2)
2. Exact calculation of the cycle service level in a periodic
review policy
In general, periodic review policies place replenishment orders
every R ﬁxed time periods to reach the order up to level S. The
replenishment order is received L time periods after being
launched. Fig. 1 shows an example of the evolution of the
physical stock in a periodic review system. The notation used in it
and in the rest of the paper is:
S¼order up to level,
R¼review period and replenishment cycle corresponding to
the time between two consecutive deliveries,
L¼lead time for the replenishment order,



mij ¼ P j ¼ ½iDRL  þ ¼

(

PðDRL Z iÞ ¼ 1FRL ði1Þ

j¼0

PðDRL ¼ ijÞ ¼ fRL ðijÞ

j40

From (6) and (4) it is easy to obtain the probability of every
stock level at R–L. Following the same reasoning, the stock
balance at R can be expressed as
zR ¼ ½zRL DL  þ þ SzRL

ð7Þ

Analogously,
PðzR Þ ¼ PðzRL ÞUML

ð8Þ

where
ML ¼ ½mkj 

ð9Þ

Hence
8
k þjS o 0
>
< 0,


mkj ¼ P k ¼ ½jDL  þ þSj ¼ 1FL ðj1Þ, k þ jS ¼ 0
>
: f ðSkÞ,
kþ jS 40
L

Physical
Stock

ð6Þ

ð10Þ

Thus, from expressions (4) and (8)

S

PðzR Þ ¼ PðzRL ÞUML ¼ P ðz0 ÞUMRL UML ¼ P ðz0 ÞUMR

zR

ð11Þ

where MR ¼ MRL UML is deﬁned as the transition matrix between
the inventory levels from the beginning of the replenishment
cycle to its end. Therefore, it can be deduced that

z0

m

PðzmR Þ ¼ P ðz0 ÞUM R

ð12Þ

And if the powers of the transition matrix converge to M then

zR-L

S-zR-L

lim P ðzmR Þ ¼ Pðz0 ÞUM

ð13Þ

m-1

where P ðz0 Þ is equal to one of the equal rows of the transition
matrix.
As a consequence, the CSL can be calculated in general as
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R
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Fig. 1. Example of stock evolution in a periodic review system.

CSL ¼

S
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z0 ¼ 0

Pðz0 ÞUCSLðz0 Þ ¼

S
X
z0 ¼ 0

Pðz0 ÞU

FR ðz0 ÞFR ð0Þ
1FR ð0Þ

ð14Þ

