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a b s t r a c t

This paper is to resolve the VRPTW and the inventory control decision problem simultaneously since both
the vehicle routing decision with time windows and the inventory control decision affect each other and
must be considered together. A mathematical model of inventory routing problem with time windows
(IRPTW) is proposed. Since finding the optimal solution(s) for IRPTW is a NP-hard problem, this paper
proposes a two-phase heuristic method. The first phase is to find the initial solution. The second phase
is to improve the solution adopting the variable neighborhood tabu search (VNTS) selecting better neigh-
borhood solutions, to obtain the optimal solution. Moreover, the proposed method was compared with
three other heuristic methods. The experimental results indicate that the proposed method is better than
the three other methods in terms of average supply chain cost (transportation cost, time window viola-
tion penalty cost and inventory cost).

� 2011 Elsevier Ltd. All rights reserved.

1. Introduction

The vehicle routing problem with time windows (VRPTW),
which involves assigning a fleet of limited capacity vehicles to
serve a set of customers without violating the capacity and time
constraints, has been increasingly discussed in practice recently
(Calvete, Gale, Oliveros, & Sanchez-Valverde, 2007; Kang, Lee,
Lee, & Lee, 2008; Li, Tien, & Leung, 2010). The VRPTW can be di-
vided into two categories (Solomon, 1987): (1) soft-time windows
and (2) hard-time windows. Since the time constraint of the vehi-
cle routing problem with soft-time windows can flexibly reflect the
real-world situation such as transportation problem (i.e. rush hour,
car accident, shortage of drivers and vehicles), customers’ demand
constraints, etc., it is adopted more often than that of the vehicle
routing problem with hard-time windows (Cheng & Wang, 2009;
Hashimoto, Yagiura, & Ibaraki, 2008; Nagata & Braysy, 2009).
Hence, it is adopted and discussed later in this paper.

In the past, the resolution of VRPTW is based on the minimal
cost criterion (including transportation cost and time window vio-
lation penalty cost) without considering the inventory cost
(Figliozzi, 2010; Hashimoto et al., 2008). However, when only
one factor is accessed and minimized, the costs of other factors
are increased (Moin & Salhi, 2007). For example, if the vehicle rout-
ing decision problem with time windows for suppliers is consid-
ered and the inventory control decision problem for retailers is
neglected, the vehicle routing decision can be effectively made

and however the inventory control decision cannot, causing sup-
pliers not be able to reduce the supply chain cost (transportation
cost, time window violation penalty cost and inventory cost) effec-
tively. In contrast, if only the inventory control decision problem
for retailers is considered and the vehicle routing decision problem
with time windows for suppliers is ignored, the transportation and
time window violation penalty cost would increase since the vehi-
cle routing decision cannot be effectively made. Hence, the supply
chain cost would increase. So the vehicle routing decision problem
with time windows for suppliers and the inventory control deci-
sion problem for retailers need to be considered simultaneously
in order to find the minimal supply chain cost. The inventory rout-
ing problem with time windows (IRPTW) considering inventory
and routing decisions simultaneously has gained attentions since
the vendor-managed inventory (VMI) strategy was adopted in
practice (The applications of IRPTW include household care indus-
try (P&G), computer equipment industry (Acer), beverage industry
(Hey Song Corporation, the most famous beverage production
company in Taiwan), etc. Actually, a lot of applications worldwide
in different supply chains including production companies and
retailers have already been reported.) (Andersson, Hoff, Christian-
sen, Hasle, & Lokketangen, 2010; Moin & Salhi, 2007). However,
the IRPTW is rarely discussed in literature. Hence, the purpose of
this paper is to resolve the inventory routing problem with time
windows (IRPTW) so that the supply chain cost can be decreased.

Since IRPTW is a NP-hard problem (VRPTW is an NP-hard prob-
lem (Savelsbergh, 1985). IRPTW is more complex than VRPTW.
Hence, IRPTW is also an NP-hard problem), a heuristic method will
be adopted to resolve this problem. However, there is no heuristic
method proposed for the IRPTW until now. Since the problem
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structure of IRPTW is similar to that of VRPTW. Hence, heuristic
methods used in VRPTW are reviewed in the following. Taillard,
Badeau, Gendreau, Guertin, and Potvin (1997) adopted a two-
phase method to resolve the VRPTW. The random insertion
method is used to obtain the initial solution. Then the tabu search
method, adopting cross-exchange and or-opt neighborhood search
strategies, is used to improve the initial solution. Park (2001)
adopted a hybrid genetic algorithm to resolve the VRPTW. Tan,
Lee, Zhu, and Ou (2001) investigated three methods: tabu search
(TS), simulated annealing (SA) and genetic algorithm (GA) to re-
solve the VRPTW. The results show TS is better than SA and GA.
Ioannou, Kritikos, and Prastacos (2003) adopted the nearest-
neighbor method to resolve the VRPTW. Ichoua, Gendreau, and
Potvin (2003) adopted a parallel tabu search method to resolve
the VRPTW. The insertion method is used to obtain the initial solu-
tion. The cross-exchange neighborhood search strategy is used to
improve the initial solution. Lau, Sim, and Teo (2003) adopted a
two-phase method to resolve the VRPTW. The first phase is to find
the initial solution. The second phase is to improve the initial
solution using the tabu search method adopting the k-opt
neighborhood search strategy. Olli (2003) adopted a variable
neighborhood search method to resolve the VRPTW. Chen, Hsueh,
and Chang (2006) adopted the insertion method to resolve the
real-time VRPTW. Hashimoto et al. (2008) proposed a heuristic
method adopting time dependent concept to resolve the VRPTW.
2-opt⁄, cross-exchange and or-opt neighborhood search strategies
are adopted in this method. Kang et al. (2008) adopted the tabu
search method to resolve the VRPTW. The neighborhood search
strategy is based on the route-perturb and route-improvement
method. Fu, Eglese, and Li (2008) adopted the tabu search method
to resolve the VRPTW. Figliozzi (2010) adopted an iterative route
construction and improvement algorithm to resolve the VRPTW.
Nagata and Braysy (2009) adopted a heuristic, insertion and guided
local search strategies, to resolve the VRPTW. Li et al. (2010)
adopted the tabu search to resolve the VRPTW with stochastic tra-
vel and service times. Cheng and Wang (2009) adopted a decompo-
sition technique and a genetic algorithm to resolve the VRPTW.

In this paper, a mathematical model for the IRPTW is proposed.
Since finding the optimal solution for this model is an NP problem,
a two-phase heuristic method is proposed for the IRPTW. The first
phase is to find a better initial solution based on the construction
approach. The second phase is to improve the initial solution based
on the variable neighborhood tabu search (VNTS), tabu search
adopting different neighborhood search strategies, to find the opti-
mal solution for the IRPTW effectively and efficiently. The reason
for choosing the hybrid heuristic approach is to overcome the
drawbacks of variable neighborhood search (VNS) and tabu search
(TS), two well-known methods to resolve the IRPTW. In addition,
the hybrid method can take advantage of VNS and TS to improve
search effectiveness and efficiency.

2. Model formulation for the inventory routing problem with
time windows

2.1. Assumptions and notations

2.1.1. Assumptions
According to the literature survey, there are no other researches

available for the IRPTW. Hence, the used assumptions in this paper
are selected from two related research areas: the vehicle routing
problem with time windows (Cheng & Wang, 2009; Hashimoto
et al., 2008) and the inventory control problem (Andersson et al.,
2010; Moin & Salhi, 2007; Tersine, 1994). The details are as
follows:

Only one supplier is considered
Each retailer is served by exactly one vehicle
Each route is served by one vehicle
The order quantity for each route is less than or equal to the

vehicle capacity
The arriving time for each retailer or the supplier is less than

or equal to the working time per day
Each route begins and ends at the same supplier
The soft-time windows are considered
A single type of products is considered
A homogenous fleet of vehicles is considered
The continuous review EOQ model is used
The order cycle time for each route is an integer
Number of retailers is known
Retailers’ demands are stochastic
Vehicle capacity is known
Vehicle dispatching cost/each time is known
Traveling cost/unit distance is known
Ordering cost/each order is known
Holding cost/unit product/unit time is known
Shortage cost/each time is known
Service time for each retailer is known
Vehicle speed is known
Probability density function for retailer’s demand of each

route during lead time is known

2.1.2. Notations
Known variables

di daily demand for retailer i
N number of retailers
T planning period
b vehicle capacity
c Vehicle dispatching cost/each time
cm traveling cost/unit distance
A ordering cost/each order
H+ holding cost/unit product/planning period
hs shortage cost/each time
STg service time of g
speed speed of vehicle
Pe waiting penalty cost/unit time
Pl lateness penalty cost/unit time
ei earliest arrival time of the time window for retailer i
li latest arrival time of the time window for retailer i
WT working time per day

Auxiliary variables

i index of retailers (1 6 i 6 N)
g index of retailers (1 6 g 6 N) or supplier (g = N + 1)
h index of retailers (1 6 h 6 N) or supplier (h = N + 1)
k index of vehicles or routes (1 6 k 6 K)
Rk order-up-to level for the replenishment of route k
B(Rk) expected shortage number for route k during an order

cycle time
fL(x) probability density function for retailer’s demand, x, of

each route during lead time L
ti arrival time for retailer i
Pi(ti) time window violation penalty cost for retailer i
Vk retailer set for route k (1 6 k 6 K)
Diskgh distance from g to h for route k
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