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a b s t r a c t

We formulate a general mixed produce-to-order and produce-in-advance inventory model having

multiple stocking echelons and multiple retailers. We show that the problem to find an optimal

inventory policy for such a model with a uniform or a normal demand distribution can be reduced to a

general constrained optimization problem.

& 2012 Elsevier B.V. All rights reserved.

1. Introduction

The major challenge facing producers of perishable or decay-
ing products is to plan for the production and inventory levels of
their products to meet random demands over the sale cycle
dictated by the products’ limited life. Generally, such products
are made by a processing system consisting of a series of
processing stages. We assume that the system comprises n�1
serial processing facilities, so it includes n stocking echelons,
which hold various kinds of inventory items in the form of raw
materials (echelon 1), different grades of work-in-process (eche-
lons 2 to n�1) and the finished product (echelon n). The last
echelon n is the retailer. Since there are usually more than one
retailer for the product, echelon n contains mZ1 retailers.
A diagrammatic representation of such a processing system is
given in Fig. 1.

Because of the limited product life, there are no opportunities
for the producer to reorder more raw materials from the supplier,
neither is there time for the producer to modify the initial
inventory levels of the different grades of work-in-process at
the stocking echelons. Since the demand for the product is
random and the product has a limited life, if the producer over-
produces, he will have to liquidate all excess inventory held at the
stocking echelons at the end of the sale cycle. This will reduce his
profit over the sale cycle. However, the liquidation costs will be
lower for work-in-process inventory items held at lower stocking
echelons as they have been added less value. On the other hand, if
the producer under-produces, he can convert some of the work-
in-process inventory into the final product to meet the excess

demand within the sale cycle. However, the profit over the sale
cycle is lower again in this case because extra costs will be
incurred to expedite the orders, and a higher production cost will
result from converting the partially decayed work-in-process
inventory into the final product (e.g., more energy and additives
are needed). Therefore, the optimal inventory level at each
echelon needs to be determined at the start of each sale cycle
with the objective of maximizing the expected profit over the
sale cycle.

Practical examples of such a model is the production of
oriental health and herbal food, such as readily served swallow
nest soup. The raw material is typically a protein-based solution,
which has a short life of 5–7 days that defines the duration of the
sale cycle. Ingredients such as herbs, vitamins, nutrients, scents,
colouring, additives, etc. are added at different processing stages
organized in a serial configuration. Each processing stage provides
a unique treatment, which takes a short time compared with the
cycle duration, and produces a different grade of work-in-process.
The grade of the work-in-process increases with the echelon level.
So it will be more profitable, and it will take a shorter time, to
convert the work-in-process inventory at higher echelons to the
final product, if demand for the product exceeds supply within
the sale cycle. However, since the work-in-process at higher
echelons has a higher added value, it will be more costly to
liquidate any such excess inventory at the end of the sale cycle.

Generally, there are two kinds of inventory policies used for
production and inventory planning. One is produce-in-advance
(PIA) and the other is produce-to-order (PTO). Under PTO, if a
shortage of the finished product occurs, the excess demand can be
partially satisfied by converting some of the available raw
materials and work-in-process into products. Since customers
are usually unwilling to wait for a long time, the fraction of the
work-in-process converted to meet the excess demand is smaller
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than the unsatisfied demand that is carried over to a lower
echelon. Thus, adopting the PTO inventory policy will result in a
loss of the customers who are unwilling to wait. Moreover, as far
as production is concerned, the unit cost of a finished product
under PTO is higher than that under PIA, because for the latter
there is no need for rush orders, and production can be planned
and implemented well in advance. On the other hand, if the PIA
inventory policy is used, liquidation loss will be incurred if supply
exceeds demand because of the wasted processing costs and the
disposal of unused inventory. Therefore, as observed by Eynan
and Rosenblatt (1995), a composite of PIA and PTO is the
dominating policy.

Whitin (1953) was the first to present such a single-period
problem with stochastic demand and two echelons. Hariga (1998)
considered a model composed of n echelons. Subsequently, many
researchers have generalized his model to different forms (see, for
example, Bivin, 2003; Wong et al., 2009; Banerjee, 2005).

In Section 2 we introduce the notation used throughout the
paper and study a serial mixed PTO and PIA inventory model
comprising n echelons and m retailers. We formulate the general
composite model under two kinds of demand distribution,
namely uniformly distributed demands and normally distributed
demands, and show that the problem can be reduced to a general
constrained optimization problem in Section 3. Finally, we con-
clude the paper in Section 4.

2. A serial mixed produce-to-order and produce-in-advance
inventory model

As shown in Fig. 1, we consider a single-period stochastic
production–inventory model composed of n stocking echelons,
which hold various inventory items in the form of raw materials
(echelon 1), different grades of work-in-process (echelons 2 to
n�1) and the finished product (echelon n). For echelon n, we
assume that it consists of m retailers.

We use the following notation:
T ¼ f1;2, . . . ,mg, the set of retailers;
S¼ f1;2, . . . ,ng, the set of echelons in the production–inventory

system;
Dj
¼ the random demand of the jth retailer, jAT;

xi ¼ inventory at the ith echelon (a decision variable),
i¼ 1;2, . . . ,n�1;

xj
n ¼ inventory of the jth retailer at echelon n (a decision

variable), jAT;
x¼ ðx1,x2, . . . ,xn�1,x1

n,x2
n, . . . ,xm

n Þ is an ðnþm�1Þ-dimensional
decision vector;

pn ¼ unit profit (excluding liquidation loss) when the finished
products are produced in advance. It is the difference between the
unit selling price and the unit total cost, which consists of the
setup, production, inventory holding and transportation costs at
all of the echelons;

pi ¼ unit profit (excluding liquidation loss) when the finished
products are produced to order by converting the work-in-
process inventory at echelon i, i¼ 1;2, . . . ,n�1. Obviously,
p1rp2r � � �rpn�1rpn as explained in Section 1;

li ¼ unit liquidation loss for unused inventory at the ith
echelon. We know that l1r l2r � � �r ln�1r ln as discussed in
Section 1;

ui ¼ the fraction of excess demand that may be satisfied by
producing the finished products from inventory items held at
echelon i. From Section 1, we know that u1ru2r � � �r un�1r
un ¼ 1.

Next we formulate the single-period stochastic production–
inventory model with n stocking echelons and m retailers at
echelon n under the composite policy of produce-to-order and
produce-in-advance. We consider the model in which a retailer
can obtain the finished products first from another retailer, then
from echelon n�1, if the demand cannot be satisfied from its
initial stock. Since retailers can transfer their products to one
another, we only need to consider the sum of demands occurring
at all retailers. Let q¼unit cost of transferring the finished product
from one retailer to another, where q consists of the transporta-
tion costs, storage fees, etc.

There are nþ1 possible scenarios to consider as follows.
Scenario nþ1: 0r

Pm
j ¼ 1 Djr

Pm
j ¼ 1 xj

n. That is, for all retailers,
the sum of all random demands does not exceed the sum of their
inventory, and the finished products at echelon n that have been
produced in advance satisfy the demands. So there is no need to
convert raw materials or work-in-process at any lower echelons.
Thus, we need to consider the liquidation loss of the raw
materials at echelon 1, work-in-process at echelons 2 to n�1
and excess finished products, i.e.,

Pm
j ¼ 1 xj

n�
Pm

j ¼ 1 Dj, at echelon n.
However, for some retailers, it is possible that their demand
cannot be met by their own stocks and the finished products need
to be transferred from other retailers. So the transferring cost
needs to be considered. Set Anþ1 ¼

Pm
j ¼ 1 wfDj 4xj

ng
ðDj
�xj

nÞ, where
wEðoÞ ¼ 1 if oAE, otherwise wEðoÞ ¼ 0, and the profit will be

Pnþ1ðxÞ ¼ pn

Xm

j ¼ 1

Dj

0
@

1
A�ln

Xm
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xj
n�
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j ¼ 1

Dj

0
@

1
A�Xn�1
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Scenario n:
Pm

j ¼ 1 xj
nr

Pm
j ¼ 1 Dj and un�1ð
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�
Pm

j ¼ 1 xj
nÞr

xn�1. That is,
Pm

j ¼ 1 xj
nr

Pm
j ¼ 1 Djr

Pm
j ¼ 1 xj

nþðxn�1=un�1Þ. We

know that all initial stocks at echelon n cannot satisfy all demands
and the excess demand can be met by converting the work-in-

process at echelon n�1. Moreover, the amounts xi, i¼ 1;2,

. . . ,n�2, and xn�1�un�1ð
Pm

j ¼ 1 Dj
�
Pm

j ¼ 1 xj
nÞ will remain at eche-

lons 1 to n�1, respectively. Set A¼
Pm

j ¼ 1 wf0rDj rxj
ng
ðxj

n�Dj
Þ, and

the transferring cost is qA. Thus, the profit will be

PnðxÞ ¼ pn
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n
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Scenario n�1: un�1ð
Pm

j ¼ 1 Dj
�
Pm

j ¼ 1 xj
nÞZxn�1 and un�2ð

Pm
j ¼ 1

Dj
�
Pm

j ¼ 1 xj
n�ðxn�1=un�1ÞÞrxn�2. That is,

Pm
j ¼ 1 xj

nþðxn�1=un�1ÞrPm
j ¼ 1 Djr

Pm
j ¼ 1 xj

nþðxn�1=un�1Þþðxn�2=un�2Þ. In this case, the

finished products at echelon n, all work-in-process at echelon

n�1 and a part of the work-in-process, i.e., un�2ð
Pm

j ¼ 1

Dj
�
Pm

j ¼ 1 xj
n�ðxn�1=un�1ÞÞ, at echelon n�2 will be exhausted. All

quantities initially available at echelons 1 to n�3 and a part of the

stock at echelon n�2, i.e., xn�2�un�2 ð
Pm

j ¼ 1 Dj
�
Pm

j ¼ 1 xj
n�ðxn�1=

un�1ÞÞ, remain. We also consider the transferring cost at echelon n.

Fig. 1. A serial production–inventory system comprising n stocking echelons and

m retailers.
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