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Inventory-routing problems (IRP) combine inventory control and vehicle routing, effectively optimizing
inventory and replenishment decisions over several periods at a centralized level. In this paper we
provide an exact formulation which includes several well-known valid inequalities for some classes of
IRPs. We then propose three new valid inequalities based on the relation between demand and available
capacities. Then, following an idea proposed for the binary clustering and for the job scheduling
problems, we also show how the order of the input data can have a major effect on the linear relaxation
of the proposed model for the IRP. Extensive computational experiments conﬁrm the success of our
algorithm. We have used two available datasets with new solutions identiﬁed as recently as 2013. On one
set of benchmark instances with 249 open instances, we have improved 98 lower bounds, we have
computed 96 new best known solutions, and we have proved optimality for 11 instances. On the other
dataset composed of larger instances, of which were 63 open, we have improved 32 lower bounds, we
have obtained 20 new best known solutions, and we proved optimality for three instances.
& 2013 Elsevier B.V. All rights reserved.
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1. Introduction
Inventory control is one of the pillars of production economics.
Its underlying theoretical basis is rooted in the ground breaking
paper of Harris (1913). This seminal article formalizes the wellknown Economic Order Quantity (EOQ) model which computes
the quantity that minimizes total inventory holding and ordering
costs in a constant demand environment. Several extensions and
variations of this model have emerged over the years. For the case
of non-constant demands, the classical reference is the paper of
Wagner and Whitin (1958) which generalizes the EOQ model to
the dynamic lot sizing problem. This problem was solved exactly
by dynamic programming by Wagner and Whitin (1958), and
heuristically by the well-known Silver-Meal algorithm (Silver and
Meal, 1973). The multi-product case was studied for more than 50
years, as was the problem of determining the lot size for
the manufacturing of several products on the same machine. This
problem, known as the Economic Lot Scheduling Problem,
was introduced by Rogers (1958) and was later extended by
Elmaghraby (1978).

n

Corresponding author.
E-mail addresses: leandro.coelho@cirrelt.ca (L.C. Coelho),
gilbert.laporte@cirrelt.ca (G. Laporte).

Recently, the research community has focused its attention on
joint decision making problems arising in several areas, thus
removing some of the boundaries between some logistics activities. This joint decision planning arises when information from
different areas are combined to make more general decisions,
which take into account a broader view of the production process.
These include inventory problems arising in green and reverse
logistics (Gou et al., 2008) in that it seeks a trade-off between
transportation costs, emissions and environmental aspects;
robustness and resilience of inventory planning and control
(Klibi and Martel, 2012) which combines location and transportation analysis coupled with unknown demands; inventory optimization with side constraints (van Donselaar and Broekmeulen,
2013; van Horenbeek et al., 2013); as well as demand dynamism
and stochasticity (Tarim and Kingsman, 2004). These problems
cover different aspects of the supply chain, such as production set
up costs, synchronized inventory and transportation (Adulyasak
et al., forthcoming; Cárdenas-Barrón et al., 2012), inventory
management, facility location and transportation (Guerrero et al.,
2013), and joint transportation and inventory management
(Andersson et al., 2010; Coelho et al., forthcoming). InventoryRouting Problems (IRP), which are the focus of this paper, combine
inventory management and vehicle routing decisions by jointly
optimizing inventory levels and replenishment for several products over several periods with several vehicles. The optimization
process takes place at a centralized entity which is responsible for
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making all the decisions for the network. Usually this centralized
element is the supplier. This is the case of vendor-managed
inventory (VMI) applications in which the supplier is responsible
for deciding when and how much to deliver to each of its
customers.
The integration of inventory management and vehicle routing
decisions dates back to the 1980s and is rooted in the seminal
paper of Bell et al. (1983). Since then, several technical contributions and applications have emerged. The survey paper of
Andersson et al. (2010) concentrates on the applications of the
IRP, whereas that of Coelho et al. (forthcoming) focuses on the
methodological aspects of the problem. In what follows, we review
some of the most relevant recent algorithmic literature on the IRP.
The ﬁrst exact algorithm for the IRP is due to Archetti et al.
(2007) who solved the single-vehicle case. The proposed model
and algorithm yielded optimal solutions for instances with up to
30 customers and six periods, and with up to 50 customers and
three periods. The authors also introduced the ﬁrst testbed which
contains benchmark instances now used by most authors. Archetti
et al. (2012) have later developed a powerful matheuristic algorithm based on tabu search and on the solution of mixed-integer
problems which was able to compute solutions with very small
optimality gaps on the testbed instances, within a very short
running time. These authors also introduced a second and larger
set of instances, still considering a single vehicle. At the same time,
Coelho et al. (2012a) proposed an ALNS heuristic in which
subproblems were solved as minimum-cost network ﬂow problems. This algorithm also provides solutions with very low
optimality gap. The algorithm of Coelho et al. (2012a) was later
extended by Coelho et al. (2012b) to solve multi-vehicle instances.
Finally, two similar exact algorithms, by Adulyasak et al.
(forthcoming) and by Coelho and Laporte (2013), were recently
developed for multi-vehicle problems. The ﬁrst solves the IRP by
branch-and-cut as a special case of the production-routing problem, and was tested on the ﬁrst set of instances. The second
applies a branch-and-cut scheme enhanced by the exact solution
of smaller mixed-integer linear programs, which constitutes a
powerful upper bounding procedure and provides all best known
solutions on the two sets of benchmark instances.
With respect to the existing literature, this paper makes three
main contributions. First, we introduce new valid inequalities in
the context of the multi-vehicle IRP, which are based on the
demand and on the capacities of the customers and of the vehicles.
Second, we analyze the impact of changing the order of the input
on the value of the linear relaxation, and thus, on the best lower
bound value obtained after a given computing time. Third, we
show how these ﬁrst two contributions yield improved lower
bounds and provide new best known solutions for large open
benchmark instances of the IRP.
The remainder of the paper is organized as follows. In Section 2
we provide a formal statement of the problem as well as an exact
mixed-integer linear formulation for it. Existing and new valid
inequalities are presented in detail in Section 3, which also
introduces the notion of input ordering for the IRP. The exact
branch-and-cut algorithm is brieﬂy described in Section 4,
followed by computational experiments in Section 5. Conclusions
are presented in Section 6.

customers. A routing cost cij is associated with edge ði; jÞ A E. Both
the supplier and customers incur unit inventory holding costs hi
per period (iA V), and each customer has a maximum inventory
holding capacity Ci. The length of the planning horizon is p and, at
each time period t A T ¼ f1; …; pg, the supplier receives (or produces) a quantity rt of a single product. At the beginning of the
planning horizon, the decision maker knows the current inventory
level of the supplier and of the customers (I 0i ; i A V), and receives
information on the demand dit of each customer i for each time
period t. We assume that the supplier has sufﬁcient inventory to
meet the full customer demand during the planning horizon, and
all demand also has to be satisﬁed, i.e., backlogging is not allowed.
Regarding timing issues, the quantity rt held by the supplier in
period t can be used for deliveries to customers in the same period,
and the delivery amount received by customer i in period t can be
used to meet the demand in that period. A set K ¼ f1; …; Kg of
vehicles are available. We denote by Qk the capacity of vehicle k.
Each vehicle can perform one route per time period, from the
supplier to a subset of customers.
The aim is to determine vehicle routes and to compute delivery
quantities for each period and each customer, such that all
demand is satisﬁed, all capacities are respected, and the total cost
is minimized.
We now formally describe the mathematical formulation of the
IRP for a single product. The case of several products is conceptually similar, but requires an additional index (Coelho and
Laporte, forthcoming). Our MILP model works with routing variables xijkt equal to the number of times edge ði; jÞ is used on the
route of vehicle k in period t. We also use binary variables yikt
equal to one if and only if vertex i is visited by vehicle k in period t.
Variables Iit denote the inventory level at vertex iA V at the end of
period t A T , and we denote by qikt the quantity of product
delivered by vehicle k to customer i in period t. The problem can
then be formulated as follows:
∑ ∑ hi I ti þ ∑
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We consider a multi-vehicle IRP in which routing costs are
symmetric. The problem is deﬁned on an undirected graph
G ¼ ðV; EÞ, where V ¼ f0; …; ng is the vertex set and
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ð1Þ

subject to
I t0 ¼ I t0 1 þ r t  ∑ ∑ qkt
i

t AT

k A Ki A V′

I ti ¼ I ti  1 þ ∑ qkt
i  di

t

i A V′

kAK

I ti r C i

iAV

t1
∑ qkt
i r C i  Ii

kt
qkt
i r C i yi

i A V′

kt
∑ qkt
i rQ k y0

∑

∑

xkt
ij þ

∑

i A S j A S;i o j

∑

j A V;j o i

I ti ; qkt
j Z0

t AT

ð5Þ

kAK

t AT

ð6Þ

t AT

kt
xkt
ji ¼ 2yi

iAS

i A V′
iA V

xkt
0j A f0; 1; 2g
xkt
ij A f0; 1g

ð3Þ

iA V′

kt
kt
xkt
ij r ∑ yi ym

kAK

t AT

ð4Þ

kAK

i A V′

j A V;i o j

ð2Þ

t AT

kAK

∑ ykt
i r1

2. Problem statement and mathematical formulation
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