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a b s t r a c t

Scenario-based optimization is a problem class often occurring in finance, planning and control. While
the standard approach is usually based on linear stochastic programming, this paper develops an
Evolution Strategy (ES) that can be used to treat nonlinear planning problems arising from Value at Risk
(VaR)-constraints and not necessarily proportional transaction costs. Due to the VaR-constraints the
optimization problem is generally of non-convex type and its decision version is already NP-complete.
The developed ES is the first algorithm in the field of evolutionary and swarm intelligence that tackles
this kind of optimization problem. The algorithm design is based on the covariance matrix self-
adaptation ES (CMSA-ES). The optimization is performed on scenario trees where in each node specific
constraints (balance equations) must be fulfilled. In order to evaluate the performance of the ES
proposed, instances of increasing problem hardness are considered. The application to the general case
with nonlinear node constraints shows not only the potential of the ES designed, but also its limitations.
The latter are basically determined by the high dimensionalities of the search spaces defined by the
scenario trees.

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

This paper designs evolution strategies (ESs) for discrete-time
multi-period multi-asset portfolio optimization problems with
Value at Risk (VaR)-constraints and not necessarily proportional
transaction costs. It is a follow-up of [1], which analyzed the
design of Evolution Strategies (ES) for one-period portfolio opti-
mization problems under VaR-constraints without transaction
costs, where it turned out that the algorithm design was challen-
ging due to the combination of seemingly simple constraints.
The problem considered in this paper is even more complex since
in the multi-period case, node constraints (in general non-linear
balance equations) must be fulfilled forcing the ES to evolve on
a non-linear manifold. The considered problem is a stochastic
control problem whose information and decision structure is
defined on scenario trees. In finance and operations research
literature, problems of this kind are approached by linear stochas-
tic programming [2,3]. However, due to the nonlinearities in the
problem class considered here, the problem must be linearized to

allow for the application of this standard approach. In [4] it is
stated that metaheuristics might be successfully applied to such
types of problems. However, up to now this problem class
has not been tackled by swarm or evolutionary methods. Since
Evolutionary Algorithms (EAs) allow for a great flexibility they
might be well-suited for the treatment of nonlinearities arising
from VaR-constraints and non-linear transaction costs.

In contrast to the problem considered in this paper, classical
portfolio optimization in the framework of the Markowitz model is
intrinsically a multiobjective optimization problem. In [5] recent
trends for EAs applied to such portfolio optimization problems are
discussed and in [6] a particle swarm approach has been proposed
and compared to other algorithms to tackle that problem class.

However, virtually all the featured algorithms found in the
literature deal only with the one-period problem and the multi-
period problem is not considered. In cases where an EA was
applied to the multi-period portfolio problem [7–9], the problem
itself is different from (and to some extent simpler) the one
considered here.

This paper is the first that provides a design methodology and an
ES implementation for evolutionary optimization on scenario trees
encountered in non-linear multi-period stochastic problems.
Section 2 introduces the problem in its general form. Section 3
deals with the problem in the special case of vanishing transaction
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costs and uses the standard CMSA-ES as an algorithmic skeleton to
design an ES, the multi-period (mp) CMSA-ES, that operates on the
tree structure of the optimization problem. Section 4 presents an
experimental evaluation of the novel mpCMSA-ES. While the
development of Section 3 is based on linear balance equations in
the tree nodes, Section 5 extends the approach to the problem in
its general form with nonlinear constraints arising for example
from non-linear transaction costs. Section 6 summarizes the paper
and provides an outlook.

2. The optimization problem

In many financial optimization models the uncertainty in asset
prices (or other risk factors) is represented by a number of mass
points forming a scenario tree. Such trees are often interpreted
as approximating stochastic processes, but interpretational issues
involved in such approximations will be of no concern here.
Consider an ordered directed tree, the nodes of which are indexed
by nAf0;…;Ng. The zero node is the root node. The predecessor
node k of a node n is indexed by k¼ πðnÞ (representing an
adjacency list). There are NL leaf nodes representing the terminal
nodes having no child nodes. For sake of simplicity the leaf nodes
are indexed by the consecutive numbers in NL ¼ fN�NLþ1;…;Ng.
For each leaf node there is a unique path leading to it. Denote by pl,
lANL, the probability of arriving at leaf node l.1

With various methods of scenario reduction the size of the
scenario tree can be reduced [10,11]. This is essential for numerical
tractability, but in case the tree is too sparse arbitrage cannot be
ruled out [12,13]. A short selling constraint like (2) below still
ensures the existence of a solution to the portfolio optimization
problem, but this solution will in general be biased.

Before transaction costs, the wealth W in a node n is2

Wn≔xTnξn ¼ ∑
M

m ¼ 1
ðxnÞmðξnÞm; ð1Þ

where x¼ ðx1;…; xMÞT is the M-dimensional vector of the nodal
portfolio weights xm

8m¼ 1;…;M : xmZ0; ð2Þ
which amounts to a short selling constraint. The vector

ξ¼ ðξ1;…;ξMÞT; 8m¼ 1;…;M : ξm40 ð3Þ
contains theM asset prices in the respective node. Starting with an
initial capital W0 in the root node and the asset prices ξ0

W0 ¼ xT0ξ0; ð4Þ

the decision maker has to choose the portfolio weights x0 at time
zero (being in the root node). At the next time step, a number of
child scenarios with changed asset prices ξk are considered. As a
result of asset price changes in the transition from node πðkÞ to
node k, the value of the portfolio will change to Wk ¼ xTπðkÞξk in the
child node k. Now the decision maker can change the nodal
portfolio weights in the child node constrained by the available
wealth Wk

8k¼ 1;…;N�NL : xTkξk ¼ xTπðkÞξk: ð5Þ

Additionally, one can take transaction costs [14–19] into
account. The respective cost function will be “B[uy]S[ell]”. A simple

option is

BS1ðxπ ; x; ξÞ≔c ∑
M

m ¼ 1
jðxπÞm�ðxÞmjðξÞm ð6Þ

which accounts for buy and sell transaction costs in a symmetric
and proportional way, assuming vanishing fixed costs of transac-
tions. A somewhat more elaborated model might consider fixed
costs cf Z0 and different costs for buying cbZ0 and selling csZ0

BS2ðxπ ; x; ξÞ≔cf ∑
M

m ¼ 1
δððxπÞm�ðxÞmÞ

þcb ∑
M

m ¼ 1
ΘððxÞm�ðxπÞmÞjðxπÞm�ðxÞmjðξÞm

þcs ∑
M

m ¼ 1
ΘððxπÞm�ðxÞmÞjðxπÞm�ðxÞmj ðξÞm; ð7Þ

where δ is the anti-delta function and Θ is the step function, as
defined in (A.9) and (A.10) in the Appendix.

Now, the decision maker may change the weights in the child
nodes such that the wealth after a transaction equals the wealth
before transaction minus the transaction costs. That is, in each
inner node (i.e. those nodes not being root node or terminal
nodes) a equality constraint must hold:

8k¼ 1;…;N�NL : xTkξkþBSðxπðkÞ; xk; ξkÞ ¼ xTπðkÞξk: ð8Þ

The last portfolio choices are made at the predecessors of the leaf
nodes. At the leaf nodes themselves a final wealth value is realized.

Thus a trading strategy X is described by a matrix made of the
N�NLþ1 non-terminal node decision vectors xk (being column
vectors)

X¼ ðx0;…; xN�NL Þ; ð9Þ
which satisfy the budget constraints (8). The expected final wealth
is ∑N

l ¼ N�NL þ1plWl, where Wl ¼ xTπðlÞξl. The objective is to max-
imize this expected wealth at the end of the planning horizon:

f ðXÞ≔ ∑
N

l ¼ N�NL þ1
pl x

T
πðlÞξl⟶ max

x0 ;…;xN�NL

: ð10Þ

In addition to the budget constraints (8) a risk constraint on the
admissible trading strategies will be imposed. Regulators [20]
require banks to hold at the end of the trading day sufficient
economic capital defined in terms of Value at Risk (VaR).3 These
regulatory VaR-constraints translate into the requirement that at
least an α-fraction of final wealth values Wl is greater than (or
equal to) a κ-multiple of the initial capital W0. The function ηðXÞ
sums all pl for which this holds

ηðXÞ≔ ∑
l
pljlANL4WlZκW0

( )
; ð11Þ

resulting in the nonlinear inequality constraint:

ηðXÞZα: ð12Þ
Let us summarize the optimization problem

∑
N

l ¼ N�NL þ1
plx

T
πðlÞξl⟶max

X
; ð13aÞ

s: t:

1 Equivalently one could specify conditional probabilities for each edge of the
tree. The conditional probabilities of each edge leaving the same node add up to
one. In this formulation, pl equals the product of conditional probabilities of all
edges along the path leading from the root node to the leaf node l.

2 Note, the notation ð�Þm refers to the mth component of a vector, i.e., ðxÞm � xm .

3 Determining capital requirements defined in terms of some coherent or at
least convex risk measure would be more satisfactory, see [21,22]. Actually, a
constraint in the coherent risk measure CVaR would be easier to handle than a VaR-
constraint, since it leads to a linear problem [23]. Furthermore, it would be more
satisfactory to have a full-fledged capital requirement for processes rather than for
the final wealth at the end of the trading period, since new information and
transactions arise during the trading period [3,24–26]. The current regulatory
framework is taken as given.
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