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A worst case lower bound (WCLB) result obtained by Nemirovskii
suggests that a potentially significant estimation accuracy enhancement
may be achieved provided the true parameter vector is known to belong
to a ball. In this paper we discuss the many facets and implications of
Nemirovskii’s result by using linear regression as a vehicle for illustration.
In particular, we address briefly such issues as biased versus unbiased
estimation, minimax optimal estimation, tightness of the WCLB, and
comparison of WCLB with the performance of the least squares estimator
constrained to the ball and that of the linear minimax estimator.  2000
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1. INTRODUCTION
Let θ denote the unknown parameter vector in a given estimation problem
and let J be the corresponding Fisher information matrix defined in the usual
way. (See, e.g., [2, 4].) Assume that
kθ k ≤ ρ

(1)

for a given ρ > 0. Henceforth k · k denotes the Euclidean norm for vectors as well
as the two-norm (also called spectral norm) for matrices. Let
MSEθ̂ (θ) = E[(θ̂ − θ)(θ̂ − θ)T ]

(2)

denote the mean-squared error (MSE) of an estimate θ̂ of θ . Whenever θ̂ is an
unbiased estimate, (2) above is simply the covariance matrix of θ̂ . However, θ̂ is
not constrained to be unbiased in what follows.
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Let
MSEsup = sup MSEθ̂ (θ)

(3)

kθk≤ρ

denote the MSE matrix corresponding to the worst parameter vector(s) in the
ball. The sup operation in (3) is defined with respect to the ordering relationship
of positive (semi)definite matrices. Finally, let
WCLB =

infkθk≤ρ J −1
1 + supkθk≤ρ

kJ −1/2 k 2
ρ

.

(4)

Using the previous notations we can state Nemirovskii’s worst-case lower bound
(WCLB) result (that holds under regularity conditions; see [2] for details) as
follows:
MSEsup ≥ WCLB.

(5)

Does this result have any potential applications in the signal processing area?
Should we really be interested in a worst-case lower bound result, such as (5)
above? Is the WCLB in (4) achievable? Is there any guideline about how to obtain
an estimate that achieves WCLB or at least gets close to it? These are the types
of questions that we address briefly in the following sections by making use of
the linear regression problem as a vehicle for illustration.

2. CRITICAL DISCUSSION OF WCLB AND RELATED ISSUES
For the sake of clarity we restrict the following discussion to linear regression,
even though most of the comments made in this section are valid for general
estimation problems as well.
Consider the liner regression model
y = 8θ + e,

(6)

where y ∈ RN×1 and 8 ∈ RN×n are given, θ is the parameter vector to be
estimated, and e is a noise term assumed to be Gaussian distributed with mean
zero and covariance matrix equal to σ 2 I . Let
R = 8T 8;

r = 8T y

(7)

and assume that R is a nonsingular matrix. The least-squares estimate (LSE) of
θ in (6) is given by (see, e.g., [4]):
θ̂ = R −1 r.

(8)

It is well known that, under the assumptions made above, the LSE is Gaussian
distributed with mean equal to θ and covariance matrix equal to J −1 , where the

