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Abstract
A fuzzy regression model is used in evaluating the functional relationship between the dependent and independent
variables in a fuzzy environment. Most fuzzy regression models are considered to be fuzzy outputs and parameters but
non-fuzzy (crisp) inputs. In general, there are two approaches in the analysis of fuzzy regression models: linear-programmingbased methods and fuzzy least-squares methods. In 1992, Sakawa and Yano considered fuzzy linear regression models
with fuzzy outputs, fuzzy parameters and also fuzzy inputs. They formulated multiobjective programming methods for the
model estimation along with a linear-programming-based approach. In this paper, two estimation methods along with a
fuzzy least-squares approach are proposed. These proposed methods can be e5ectively used for the parameter estimation.
c 2002 Elsevier Science B.V. All rights reserved.
Comparisons are also made between them. 
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1. Introduction
Fuzzy regression analysis is a fuzzy (or possibility) type of classical regression analysis. It is used in evaluating the functional relationship between the dependent and independent variables in a fuzzy environment.
Tanaka et al. [11] initiated a study in fuzzy linear regression analysis which considered the parameter estimation of models as linear programming problems. Subsequently, there have been many other studies which can
be roughly divided into two approaches: linear-programming-based methods [8 – 11] and fuzzy least-squares
methods [1,5,14]. Most of these fuzzy regression models are considered with fuzzy outputs and fuzzy parameters but non-fuzzy (crisp) inputs. In this paper fuzzy linear regression models with fuzzy outputs, fuzzy
parameters, and fuzzy inputs are considered.
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Sakawa and Yano [8] proposed a fuzzy parameter estimation for the fuzzy linear regression (FLR) model
Yj = A0 + A1 Xj1 + · · · + Ak Xjk ;

j = 1; : : : ; n;

where both input data Xj1 ; : : : ; Xjk and output data Yj are fuzzy, by using three indices for the equalities
between two fuzzy numbers M and N as
Pos(M = N ) = sup min{M (x); N (x)};
x

Nes(M ⊂ N ) = inf max{1 − M (x); N (x)};
x

Nes(M ⊃ N ) = inf max{M (x); 1 − N (x)};
x

where M (x) and N (x) are membership functions of M and N , and Pos and Nes are short for Possibility
and Necessity. Then three types of multiobjective programming problems were formulated for the parameter
estimation of FLR models along with a linear-programming-based approach. This multicriterial analysis of FLR
models provided a good method of parameter estimation by using the vagueness of the model via some indices
of inclusion relations. Alternatively, a fuzzy least-squares approach directly uses information included in the
input–output data set and considers the measure of best Etting based on distance under fuzzy consideration.
Fuzzy least-squares are fuzzy extensions of ordinary least-squares. In this paper two types of fuzzy least-squares
are proposed as the parameter estimation for the FLR model Yj = A0 + A1 Xj1 + · · · + Ak Xjk ; j = 1; : : : ; n. These
proposed methods have proved to be a good alternative approach to a multiobjective programming approach.
Section 2 presents the Erst method, called approximate-distance fuzzy least-squares. In order to treat heterogeneous data sets and detect outliers, a clusterwise fuzzy least-square with a noise cluster is also presented.
In Section 3, another fuzzy least-squares method, called an interval-distance fuzzy least-square, is proposed.
Numerical results are presented in Section 4. Finally, conclusions are made in Section 5.
2. Approximate-distance fuzzy least-squares
The following FLR model is considered:
Yj = A0 + A1 Xj1 + · · · + Ak Xjk ;

j = 1; : : : ; n;

(2.1)

where outputs Yj = (myj ; yj ; yj )LR , inputs Xji = (mxji ; xji ; xji )LR and parameters Ai = (mai ;  ai ; ai )LR ; i =
1; : : : ; k; j = 1; : : : ; n so that the notion M = (m; ; )LR is an LR-type fuzzy number with its membership
function
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In M = (m; ; )LR ; m is called the mean value, and  and  are called the left and right spreads, respectively.
If L(x) = R(x) = 1 − x, then M = (m; ; )LR is called a triangular fuzzy number, denoted by M = (m; ; )T .
The diFculty in treating model (2.1) of fuzzy input–output data is that Ai Xji may not be of LR-type.
Although the product of two LR-type fuzzy numbers may not be an LR-type fuzzy number, Dubois and Prade
[6] presented an approximation form. Therefore, Yang and Ko [14] suggested an approximation type of fuzzy
least-squares for an extension to their results. In this section, the idea of approximation is used to present an
algorithm for parameter estimation of the FLR model (2.1).

