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Abstract
We study maximum a posteriori probability model order selection for linear regression models, assuming Gaussian distributed
noise and coefficient vectors. For the same data model, we also derive the minimum mean-square error coefficient vector estimate.
The approaches are denoted BOSS (Bayesian order selection strategy) and BPM (Bayesian parameter estimation method), respectively. In their simplest form, both BOSS and BPM require a priori knowledge of the distribution of the coefficients. However,
under the assumption that the coefficient variance profile is smooth, we derive “empirical Bayesian” versions of our algorithms
which estimate the coefficient variance profile from the observations and thus require little or no information from the user. We
show in numerical examples that the estimators can outperform several classical methods, including the well-known AICc and BIC
for model order selection.
© 2007 Elsevier Inc. All rights reserved.
Keywords: Linear regression; Empirical Bayes; MMSE estimation; Parameter estimation; Order selection

1. Introduction
1.1. Problem formulation
Consider the linear regression model
y = Xh + ,
RN

(1)
RN ×n

where y ∈
is the vector of observed data, X = [x 1 . . . x n ] ∈
is a known matrix of n regressors
h = [h1 . . . hn ]T ∈ Rn is the unknown vector of linear regression coefficients2 (we will also sometimes call h the
parameter vector) and  ∼ N (0, σ 2 I ) is a length N vector of zero-mean Gaussian white noise with variance σ 2 . We
call (1) the full model and assume that the data are generated by a model of the form
Mk : y = Xk hk + ,

{x j }nj=1 ,

(2)
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where nmin  k  n, Xk = [x 1 . . . x k ] (i.e., Xk consists of the first k columns of X), and hk = [h1 . . . hk ]T . Furthermore, we make the assumption that the coefficients hj are zero-mean independent Gaussian random variables,
hj ∼ N (0, γj2 ). In other words, hk ∼ N (0,  k ), where  k = diag[γ12 . . . γk2 ]. We assume that the model order k and
the variances {γj2 }kj =1 , σ 2 are unknown.
We consider the following two classical interrelated problems:
(1) The model order selection problem: to find the correct order k, given X and y.
(2) The parameter estimation problem: to estimate h as accurately as possible when the order k is unknown.
1.2. Related work
Bayesian solutions to the above two problems, under the Gaussianity assumption on the coefficients and the noise,
are available in the literature. In, e.g., [1], the maximum likelihood (ML) and maximum a posteriori (MAP) model
order selection algorithms for the current model were derived, although not numerically evaluated. In [2], the minimum mean square error (MMSE) estimate of a frequency function was derived. Within the same framework, it is easy
to derive the MMSE estimate of h. In [3,4] derivations of the maximum a posteriori (MAP) model order selection
algorithm and the MMSE estimate of h were presented. These derivations will be the basis of the empirical Bayes
method that we propose, and they will be summarized in Sections 2.1 and 2.2.
Classical (i.e., non-Bayesian, or “orthodox”) approaches to model selection include the information criteria, which
will be used for comparative purposes in our numerical examples in Section 4. However, they are not based on the
Bayesian paradigm and are thus less related to the current approach than the methods discussed above. A short review
of the information criterion approach is given in Appendix A.
The problem of determining the number of signal components in a mixture is fundamentally important also for
many other types of data models. For example in array processing for determining the number of sources impinging
on an array of sensors [5], or in line spectrum analysis for determining the number of sinusoids in noise [6]. In the
present article, however, we are only concerned with the linear regression data model (1).
1.3. Contributions of this work
For the Bayesian approaches in the above subsection it is generally assumed that the noise variance σ 2 and the
coefficient variances {γj2 }nj=1 are known. This assumption is hardly realistic in applications. The goal of the present
article is to present methods which do not require knowledge of σ 2 and {γj2 }nj=1 . To this end we take an empirical
Bayes approach: we estimate σ 2 , {γj2 }nj=1 from the data and then use the resulting estimates as if they were the true
values; see Section 3.
Note that the models in (2) that we consider are nested, in the sense that a lower order model can be obtained as a
special case of a higher order model (by setting certain coefficients to zero). This type of models is common in signal
processing applications, such as finite-impulse-response (FIR) filter identification or the estimation of polynomial
coefficients. By way of contrast, it is common in statistical data analysis to consider sparse models for which the true
model can consist of any subset of the regressors {x k }nk=1 . We have treated linear regression for sparse models in [3]
where we, among other things, proposed an empirical Bayesian technique tailored to sparse models. However, for
the nonsparse unknown model order problem, the technique in [3] is less sophisticated and flexible than the one we
provide in this paper.
2. Bayesian model order selection and parameter estimation
2.1. Optimal model order selection
Here we review the MAP probability model order selection algorithm for the problem posed in Section 1, assuming
known σ 2 , {γj2 }nj=1 . This model selection rule has been derived previously in [1]. In the remainder of the paper this
specific model selection algorithm will be denoted by BOSS (Bayesian order selection strategy).

