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a b s t r a c t

In this paper we introduce a linear programming estimator (LPE) for the slope parameter in a constrained
linear regression model with a single regressor. The LPE is interesting because it can be superconsistent
in the presence of an endogenous regressor and, hence, preferable to the ordinary least squares estimator
(LSE). Two different cases are considered as we investigate the statistical properties of the LPE. In the first
case, the regressor is assumed to be fixed in repeated samples. In the second, the regressor is stochastic
and potentially endogenous. For both cases the strong consistency and exact finite-sample distribution of
the LPE is established. Conditions under which the LPE is consistent in the presence of serially correlated,
heteroskedastic errors are also given. Finally, we describe how the LPE can be extended to the case with
multiple regressors and conjecture that the extended estimator is consistent under conditions analogous
to the ones given herein. Finite-sample properties of the LPE and extended LPE in comparison to the LSE
and instrumental variable estimator (IVE) are investigated in a simulation study. One advantage of the
LPE is that it does not require an instrument.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

The use of certain linear programming estimators in time
series analysis is well documented. See, for instance, Davis
and McCormick (1989), Feigin and Resnick (1994) and Feigin
et al. (1996). LPEs can yield much more precise estimates than
traditional methods such as conditional least squares (e.g. Datta
et al., 1998; Nielsen and Shephard, 2003). The limited success of
these estimators in applied work can be partially explained by the
fact that their point process limit theory complicates the use of
their asymptotics for inference (e.g. Datta and McCormick, 1995).

In regression analysis, it is well known that the ordinary least
squares estimator is inconsistent for the regression parameters
when the error term is correlated with the explanatory variables
of the model. In this case an instrumental variables estimator
or the generalized method of moments may be used instead.
In economics, such endogenous explanatory variables could be
caused by measurement error, simultaneity or omitted variables.
To the authors’ knowledge, however, there has so far been
no attempt to investigate the statistical properties of LP-based
estimators in a cross-sectional setting. In this paper we show that
LPEs can, under certain circumstances, be a preferable alternative
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to LS and IV estimators for the slope parameter in a simple linear
regression model. We look at two types of regressors which are
likely to be of practical importance. First, we introduce LPEs to the
simple case of a non-stochastic regressor. Second, we consider the
general case of a stochastic, and potentially endogenous, regressor.
For both caseswe establish the strong consistency and exact finite-
sample distribution of a LPE for the slope parameter.

The LPE can be used in situations where the regressor is strictly
positive. For example, in empirical finance, we can consider regres-
sions involving volatility and volume. In labor economics a possi-
ble application is the regression between income and schooling, for
example.

The remainder of the paper is organized as follows. In Section 2,
we establish the strong consistency and exact finite-sample
distribution of the LPE when (1) the explanatory variable is non-
stochastic, and (2) the explanatory variable is stochastic and
potentially endogenous. In Section 3, we discuss how our results
can be extended to other endogenous specifications and give
conditions under which the LPE is consistent in the presence of
serially correlated, heteroskedastic errors. We also describe how
the LPE can be extended to the case with multiple regressors.
Section 4 reports the simulation results of a Monte Carlo study
comparing the LPE and extended LPE to the LSE and IVE. Section 5
concludes. Mathematical proofs are collected in the Appendix. An
extended Appendix available on request from the authors contains
some results mentioned in the text but omitted from the paper to
save space.
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2. Assumptions and results

2.1. Non-stochastic explanatory variable

The first regression model we consider is
yi = βxi + ui
ui = α + εi, i = 1, . . . , n

where the response variable yi and the explanatory variable xi are
observed, and ui is the unobserved non-zeromean random error. β
is the unknown regression parameter of interest. We assume that
{xi} is a nonrandom sequence of strictly positive reals, whereas
{ui} is a sequence of independent identically distributed (i.i.d.)
nonnegative random variables (RVs). For ease of exposition we
assume that E(ui) = α. The potentially unknown distribution
function Fu of ui is allowed to roam freely subject only to
the restriction that it is supported on the nonnegative reals. A
well known continuous probability distribution with nonnegative
support is the Weibull distribution, which can approximate the
shape of a Gaussian distribution quite well.

A ‘quick and dirty’ estimator of the slope parameter, based on
the nonnegativity of the random errors, is given by

β̂ = min

y1
x1
, . . . ,

yn
xn


. (1)

This estimator has been used to estimate β in certain constrained
first-order autoregressive time series models, yi = βxi + ui, with
xi = yi−1 (e.g. Datta and McCormick, 1995; Nielsen and Shephard,
2003). As it happens, (1) may be viewed as the solution to the
linear programming problem ofmaximizing the objective function
f (β) = β subject to the n constraints yi − βxi ≥ 0. Because of this
we will sometimes refer to β̂ as a LPE. Regardless if the regressor
is stochastic or non-stochastic, (1) is also the maximum likelihood
estimator (MLE) ofβwhen the errors are exponentially distributed.
What is interesting, however, is that β̂ consistently estimates β for
awide range of error distributions, thus the LPE is also a quasi-MLE.

Assumption 1 holds throughout the section.

Assumption 1. Let yi = βxi + ui (i = 1, . . . , n)where ui = α+ εi
and
(i) {xi} is a nonrandom sequence of strictly positive reals,
(ii) 0 is not a limit point of S ≡ {x1, x2, . . .},
(iii) {ui} is an i.i.d. sequence of nonnegative RVs,
(iv) inf{u : Fu(u) > 0} = 0,
(v) E(εi) = 0.

Note that β can be any real number and that conditions (iii) and
(v) combined imply that themean of ui isα ≥ 0. Since β̂n−β = Rn,
where Rn = min{ui/xi}, it is clear that P(β̂n − β ≤ z) = 0 for
all z < 0 and, hence, the LPE is positively biased. Moreover, as
(1) is nonincreasing in the sample size its accuracy either remains
the same or improves as n increases. Proposition 1 gives the exact
distribution of the LPE in the case of a non-stochastic regressor.

Proposition 1. Under Assumption 1,

P(β̂n − β ≤ z) = 1 −

n∏
i=1

[1 − Fu(xiz)].

The proof of the proposition follows from the observation that

P(β̂n − β ≤ z) = P(Rn ≤ z)
(i)
= 1 − P(u1 > x1z, . . . , un > xnz),

and condition (iii) of Assumption 1. By condition (iv), Fu(u) >
0 for every u > 0 implying that β̂ consistently estimates β .1

1 If xi instead is assumed to be strictly negative then the estimator max{yi/xi} is
strongly consistent for β .

Table 1
Ratio distributions with accompanying moments of β̂n . Fz(z) is the cdf of the ratio
z = u1/x1 , with parameter θ = θu/θx , on which the moments are based. Results
hold for γ = 0 and n > 2. Γ (·) is the gamma function.

Ratio Fz(z), z > 0 E(β̂n − β) Var(β̂n − β)

Exp(θu)
Exp(θx)

1 −
1

1+θ−1z
θ

n−1
θ2n

(n−2)(n−1)2

U(0,θu)
U(0,θx)

1
2θ

z, z ≤ θ

1 −
θ

2z
, z > θ

2θ
n+1


1 +

1
(n−1)2n


O


1
n2


Ra(θu)
Ra(θx)

1 −
1

1+θ−2z2
θ
√
π

2
Γ (n−1/2)
Γ (n) θ2


1

n−1 −
π
4
Γ 2(n−1/2)
Γ 2(n)


Intuitively, this is because the left-tail condition on ui implies that
the probability of obtaining an error arbitrarily close to 0 is non-
zero and, hence, that (1) is likely to be precise in large samples.

Corollary 1. Under Assumption 1, β̂n
a.s.
→β as n → ∞.

From Corollary 1 it follows that α (the unknown mean of the error
term) can be consistently estimated by

α̂ =
1
n

n−
i=1

(yi − β̂xi), (2)

the sample mean of the residuals, under fairly weak conditions.2
It is worth noting that the MLE of β satisfies the stochastic

inequality β̂ML ≤ β̂ . Regardless if xi is stochastic or non-stochastic,
in some cases the LPEwill be equal to β̂ML. For instance, it is readily
verified that if the random errors are (1) exponentially distributed
with non-zero density function (1/a) exp{−u/a} for u ≥ 0

β̂ML = β̂, âML = α̂, (3)
and (2) uniformly distributed on the interval [0, b]

β̂ML = β̂, b̂ML = max {yi − β̂xi}. (4)
As an illustration of Proposition 1 in action, Corollary 2 shows

that the exact distribution of β̂ − β when the errors are Weibull
distributed, and the regressor is non-stochastic, is alsoWeibull. The
Weibull distribution, with distribution function 1 − exp{−(u/a)b}
for u ≥ 0, nests the well known exponential (b = 1) and Rayleigh
(b = 2) distributions.

Corollary 2. Let the regression errors be Weibull distributed. Then,
under Assumption 1,

P(β̂n − β ≤ z) = 1 − exp

−

 z

a


n∑
i=1

xbi

−1/b


b ,

if z ≥ 0 and 0 otherwise. Hence, β̂n − β is Weibull with scale
parameter a

∑n
i=1 x

b
i

−1/b and shape parameter b.

For example, in view of Corollary 2 with b = 1 it is clear that
n−

i=1

xi(β̂n − β),

is exponentially distributed with scale parameter a. Moreover, by
(3) and basic results of large sample theory, the statistic

1
α̂n

n−
i=1

xi(β̂n − β),

is asymptotically standard exponential.

2 If, under Assumption 1, α < ∞ and if n−1 ∑n
i=1 xi is O(1) as n → ∞.
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