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abstract
We propose a linear regression model with slash-elliptical errors. The slash-elliptical
distribution with parameter q is defined as the ratio of two independent random variables
1

Z and U q , where Z has elliptical distribution and U has uniform distribution in (0, 1).
The main feature of the slash-elliptical distribution is to have greater flexibility in the
degree of kurtosis when compared to the elliptical distributions. Other advantages of this
distribution are the properties of symmetry, heavy tails and the inclusion of the elliptical
family as a limit case when q → ∞. We develop the methodology of estimation, hypothesis
testing, generalized leverage and residuals for the proposed model. In the analysis of local
influence, we also develop the diagnostic measures based on the likelihood displacement
under the some perturbation schemes. Finally, we present a real example where slashStudent-t model is more stable than other considered models.
© 2013 Elsevier B.V. All rights reserved.

1. Introduction
Last decades, similar works have been developed based on symmetrical distribution. A review of some areas where
symmetric distributions are applied is described in Chmielewski (1981). In many situations of statistical modeling there
is a need of searching for less sensitive models of outlying observations. Galea et al. (2003) developed diagnostic methods
for linear symmetrical models and Cysneiros and Paula (2005) developed restricted methods in symmetrical linear models.
Paula et al. (2009) introduced the class of linear models with first-order autoregressive elliptical errors and diagnostic
methods were derived.
Rogers and Tukey (1972) presented the slash distribution as the probability distribution of a standard normal variable
divided by an independent standard uniform variable. In the general case, we say that a random variable S has standard
1

slash distribution with parameter q > 0 if it can be expressed as the ratio of two independent random variables Z and U q ,
where Z has standard normal distribution N (0, 1) and U has uniform distribution in (0, 1). The slash distribution has the
properties of symmetry, heavy tails and converges to the normal distribution when q → ∞.
Rogers and Tukey (1972) and Mosteller and Tukey (1977) discussed slash distribution and its properties. Kafadar (1982)
proposed maximum likelihood estimators
for location-scale parameters considering the slash distribution obtained through
√
linear transformation Y = µ + φ S. In the work of Andrews et al. (1972), Gross (1973) and Morgenthaler and Tukey
(1991), the slash distribution is mainly used in simulation studies whose scenario involves extreme situations. Wang and
Genton (2006) defining a skewed version of the slash distribution, assumed that the random variable Z has a multivariate
skew normal distribution. Arslan (2008) introduced a new class of multivariate skew-slash distributions using the normal
variance-mean mixture approach. Later, Arslan and Genç (2009) generalized the family of distributions proposed by Wang
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and Genton (2006), constructed a family of multivariate distributions as a scale mixtures of the multivariate symmetric
Kotz-type distribution and the uniform distribution. Lachos et al. (2008) derived diagnostic methods based on the local
influence on scale-mixture models. Ferreira et al. (2011) developed EM algorithm for estimation of the parameters on scalemixture models. Gómez et al. (2007) considered the standard slash distribution in the form:
Z = U 1/q S ∼ N (0, 1)
and generalized slash distribution by replacing the distribution of Z by the family of univariate and multivariate elliptical
distributions. This new family of distributions proposed by Gómez et al. (2007), known as slash-elliptical distribution, has
the property of symmetry and greater flexibility in the degree of kurtosis when compared to the elliptical distribution. These
properties were also observed by Genç (2007) to slash-power-exponential distribution. Another advantage of this family of
distributions is to contain the elliptical family as a limiting case.
Given this new family of distributions, the linear regression model with error distribution in a univariate slash-elliptical
family is developed, which will be called only by slash-elliptical distribution. The aim of this paper is to derive a methodology
for estimating, hypothesis testing, generalized leverage, residual and diagnostic analysis based on the local influence
approach. Section 2 introduces the slash-elliptical regression model and procedures for estimation are presented. Simulation
studies of the proposed residual are presented. In addition, diagnostic measures based on the local influence approach are
developed in Section 3. Section 4 is devoted to analysis of a real data set using slash-elliptical regression model and finally,
some conclusions are presented in the final section.
2. Slash-elliptical regression model
Definition 1. A random variable Y has slash-elliptical distribution with location parameter µ ∈ ℜ and scale φ > 0 if Y can
be expressed as
Y =µ+



φ

V
U 1/q

,

where V and U are independent random variables, V has standard elliptical distribution, U has uniform distribution in (0, 1)
and q is the specific parameter of slash-elliptical distribution.
Definition 2. A random variable Y is called slash-elliptical variable and denoted by ∼ SEL(µ, φ, q, g (·)) if its density is given
by:

 q

H (z 2 ), z ̸= 0

1
2|z |q+1
f (y; µ, φ, q) = √
(1)
q
φ

g (0),
z = 0,
q+1
 z2
√
where z = (y − µ)/ φ and H (z 2 ) = 0 t (q−1)/2 g (t )dt, for some generating function of density g (·), with g (t ) > 0 for
 ∞ −1/2
g (t )dt = 1.
t > 0 and 0 t
Definitions 1 and 2 can be found in Gómez et al. (2007) and Gómez and Venegas (2008). Whereas, the Definition 1 provides
a method for generating slash-elliptical random variables based on elliptical and uniform distributions, the Definition 2
characterizes a slash-elliptical random variable by its density function.
Let ϵ1 , ϵ2 , . . . , ϵn independent random variables, where ϵi ∼ SEL(0, φ, q, g (·)). We define the linear regression model
with slash-elliptical errors and parameter q is fixed or known, which abbreviated to slash-elliptical model, by:
yi = xti β + ϵi ,

i = 1 , 2 , . . . , n,

(2)

where for each ith observation yi is the response variable, xi = (1, xi2 , . . . , xip ) is the regressor vector (p × 1), and
β = (β1 , . . . , βp )t is a vector of unknown parameters (p × 1).
t

2.1. Parameter estimation
To estimate the parameter vector θ = (β t , φ)t , we can use the maximum likelihood method, which is to maximize the
log-likelihood function of the slash-elliptical model given by:
L(θ ) = −

n
2

log(φ) +



a(zi ) + K ,

(3)

i∈A

with respect to θ , where zi =

, a(zi ) = log(H (zi2 )) − (q + 1) log |zi | is a function that depends on θ through


zi , A = {i : zi =
̸ 0}, K = (n − nA ) log q+q 1 g (0) + nA log( 2q ) is constant with respect to θ and nA is the number of
yi −µi

√
φ

