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a b s t r a c t

Many existing methods for functional regression are based on the minimization of an L2
norm of the residuals and are therefore sensitive to atypical observations, whichmay affect
the predictive power and/or the smoothness of the resulting estimate. A robust version of
a spline-based estimate is presented, which has the form of an MM estimate, where the
L2 loss is replaced by a bounded loss function. The estimate can be computed by a fast
iterative algorithm. The proposed approach is compared, with favorable results, to the one
based on L2 and to both classical and robust Partial Least Squares through an example with
high-dimensional real data and a simulation study.1

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

We consider the analysis of data described by a linear functional regression model. That is, our data are independent
identically distributed (i.i.d.) pairs (Xi, yi), i = 1, . . . , n, where yi ∈ R and Xi (.) are random functions defined on an interval
I , such that

yi = α0 +


I
α(t)Xi(t)dt + ei, i = 1, . . . , n, (1)

where the number α0 and the function α(t) are unknown, and {ei} are i.i.d. random errors independent of {Xi}. In practice
one actually observes at given points t1 < · · · < tp in I the values xij = Xi


tj

. Henceforth we shall denote X = [xij] ∈ Rn×p

and y = [yi] ∈ Rn;
These data sets are often high-dimensional, in many cases with p ≫ n. The functional framework allows to profit

from qualitative assumptions like smoothness of underlying curves. This type of regression model was first considered in
Ramsay and Dalzell (1991). Ramsay and Silverman (2002, 2005) and Ferraty and Vieu (2006), present several case studies
demonstrating the advantages of these models. Among recent applications, Goldsmith et al. (2010) present an application
to diffusion tensor imaging (DTI) tractography, and Delaigle et al. (2009) deal with ameteorological application. Cardot et al.
(2005, 2006) present the theory and applications of quantile regression for functional data.

One of the most important approaches for the estimation of α0 and α is regularization through a penalized least squares
approach after expanding in some basis such as splines: see Ramsay and Dalzell (1991), Eilers and Marx (1996), Marx
and Eilers (1999), Cardot et al. (2003). Crambes et al. (2009) proposed a smoothing splines approach prolonging previous
work from Cardot et al. (2007). They show that the rates of convergence of their estimators are optimal in the sense
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1 Matlab code for the proposed procedure is provided as supplemental material.
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that they are minimax over large classes of distributions of Xi and of functions α. Their approach boils down to an easy
to implement procedure. Recently Wang et al. (2012) proposed a spline-based nonparametric transformation model for
functional regression.

Most approaches to functional regression are based on minimizing some L2 norm, and are therefore sensitive to outliers,
which calls for the development of robust methods. There are numerous articles on robust methods for functional data.
In particular, Crambes et al. (2008) propose a robust estimator for nonparametric models, and Gervini (submitted for
publication) deals with robust regression between two stochastic processes; But we are not aware of any robust approach
for model (1). The purpose of this article is to propose a robust version of the estimator proposed by Crambes et al. (2009),
based on the approach of MM estimation (Yohai, 1987).

Section 2 describes the proposed estimator, the advantages of which are demonstrated in Sections 3 and 4 through their
performances with real and simulated data sets, respectively. The computing times of the different estimators are compared
in Section 5. Finally Section 6 contains the conclusions of the study.

2. The proposed estimator

We first describe the estimator proposed by Crambes et al. (2009). LetX = [xij] andy = [yi] be X and y centered by their
averages. The estimator is the functionα(t) in the Sobolev space Wm,2 (I) (see e.g. Adams and Fournier, 2003) such that

1
n

n
i=1

yi − 1
p

p
j=1

α tjxij2

+ λ


1
p

p
j=1

πα tj2 +


I
α(m) (t)2 dt


= min (2)

where in general α(m)(t) denotes them-th derivative of α(t), λ > 0 is a penalty parameter and

πα(t) =

m
l=1

γb,lt l−1
= argmin

π

p
j=1

α tj− π

tj
2

,

whereπ ranges over the polynomials in t of degreem−1. Theπα terms ensure the existence of a unique solution. The terms
with


Iα(m)(t)2dt penalize the solutions’ roughness.

The problem (2) has an explicit solution. Letb(t) =

b1(t), . . . , bp(t)

′ be a functional basis of the spaceNSm(t1, . . . , tp)of
natural splines of order 2m on I with knots t1, . . . , tp. CallB the p×pmatrixwith elements bi


tj

. PutU =


I b

(m)(t)b(m)(t)′dt
and let Pm be the p× p projection matrix projecting Rp onto them-dimensional linear space of all (discretized) polynomials
of degree m − 1; i.e., Pm = GG+, where G has elements gjk = tkj , j = 1, . . . , p, k = 0, . . . ,m − 1, and G+ stands for its
pseudo-inverse. Let A∗

m = B+′UB+ and let

Am = Pm + pA∗

m, (3)

Then Crambes et al. (2009) show thatα ∈ NSm(t1, . . . , tp) and that the solution for the vectorα =
α (t1) , . . . ,α tp′ is

α = argmin
a∈Rp


1
n

n
i=1

yi − p−1x′

ia
2

+ p−1λa′Ama


, (4)

wherex′

i is the i-th row ofX.
As a robustification of the former approach, we propose to find a functionα and a numberα0 such that

σ 2
ini

n
i=1

ρ


yi −α0 − p−1

p
j=1

xijα tj
σini

+ λ


1
p

p
j=1

πα tj2 +


I
α(m)(t)2dt


= min, (5)

where ρ is a bounded ‘‘ρ-function’’ in the sense of (Maronna et al., 2006), i.e., ρ(t) is a nondecreasing function of |t| with
supt ρ(t) = 1; and σini is a residual M-estimator of scale from an initial estimator (to be described later). The factor σ 2

ini
before the summation is employed to make the estimator coincide with the classic one when ρ (t) = t2.

It is not difficult to show that again α ∈ NSm(t1, . . . , tp), since {πα tj , j = 1, . . . , p} depends only on the values
of α at t1, . . . , tp, and it is well-known that given these values, the function α minimizing the integral in (5) belongs to
NSm(t1, . . . , tp). Letα1 =

α (t1) , . . . ,α tp′ and xi =

xi1, . . . , xip

′. Then it follows that (5) implies

σ 2
ini

n
i=1

ρ


yi −α0 − p−1x′

iα1σini


+ p−1λα′

1Amα1 = min . (6)



https://isiarticles.com/article/24658

