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Abstract

A fast and stable algorithm to compute a highly robust estimator for the logistic regression
model is proposed. A criterium for the existence of this estimator at 4nite samples is derived
and the problem of the selection of an appropriate loss function is discussed. It is shown that
the loss function can be chosen such that the robust estimator exists if and only if the maximum
likelihood estimator exists. The advantages of using a weighted version of this estimator are also
considered. Simulations and an example give further support for the good performance of the
implemented estimators.
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1. Introduction

Let Yi, 16 i6 n; be independent Bernoulli variables whose success probabilities
depend on the values of p-dimensional explanatory variables X1; : : : ; Xn through the
relation

P(Yi = 1|Xi = xi) = F(
 + �txi);

where F is a strictly increasing cumulative distribution function. Taking F(u)=1=(1+
exp(−u)) results in the logit model, which is the model we will consider in this paper.
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To simplify notation, we will use � = (
; �t)t and zi = (1; xti)
t for all 16 i6 n. An

estimator for � computed from the sample Xn = {(x1; y1); : : : ; (xn; yn)} is denoted �̂n.
The maximum likelihood (ML) estimator �̂ML

n is de4ned as

�̂ML
n = argmax

�
log L(�;Xn) = argmin

�

n∑
i=1

d(zti �;yi); (1.1)

where log L(�;Zn) is the conditional log-likelihood function calculated in � and d(zti �;yi)
is the deviance component given by

d(zti �;yi) = −yi logF(zti �) − (1 − yi) log{1 − F(zti �)}:
The ML estimator is the most eCcient estimator (asymptotically), but it may behave
very poorly in presence of outliers. Therefore, robust alternatives need to be constructed.

In this paper, focus is on a generalization of (1.1) which consists of replacing the
function d by another one. The estimator �̂n of interest is therefore de4ned by

�̂n = argmin
�

n∑
i=1

’(zti �;yi); (1.2)

where ’ is a positive and almost everywhere diEerentiable function. It needs to satisfy
’(s; 0) =’(−s; 1) for any score s, where a score value si = zti � is obtained as a linear
combination of a given parameter vector �. Instead of working with ’, we will most
of the time use the univariate function �(s) = ’(s; 0). The value �(s) corresponding
to an observation with y = 0 gives the impact of a particular score s on the value of
the objective function in (1.2). This function is assumed to be nondecreasing since a
large positive score s should not be attributed to observations having a null y value
and should therefore receive a larger weight in the function to minimize. We further
require that lims→−∞ �(s) = 0, implying that a large negative score, what we expect
for a value y = 0, is not contributing to the objective function in (1.2).

As (1.2) shows, the estimator �̂n belongs to the class of M -type estimators and the
associated 4rst-order condition is given by

1
n

n∑
i=1

�(zti �;yi)zi = 0; (1.3)

where �(s; 0) = @’(s; 0)=@s and �(s; 1) = −�(−s; 0): Notice that these 4rst-order
conditions may have multiple solutions and we need to use the value of the objective
function in (1.2) to select the 4nal estimator. Throughout the paper we will use the
notation  (s) = �(s; 0) = �′(s).

Particular cases of (1.2) have already been considered in the literature. First, the ML
estimator obviously belongs to this class of M -estimators with �ML(s)=−ln(1−F(s)).
A more robust proposal is due to Pregibon (1982) who suggested an estimator de4ned
by

�̂n = argmin
�

n∑
i=1

�(d(zti �;yi));

where � is a strictly increasing Huber’s type function. This estimator was designed
to give less weight to observations poorly accounted for by the model but did not
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