
Gaussian and non-Gaussian stochastic sensitivity analysis of
discrete structural system

S. Benfratello a,*, S. Caddemi b, G. Muscolino c

a Dipartimento di Ingegneria, Universita de Palermo, Strutturale e Geotecnica ``DISeG'', Viale delle Scienze, I-90128 Palermo, Italy
b Istituto di Scienza delle Costruzioni, Facolt�a di Ingegneria, Universit�a di Catania, Viale A. Doria, 6, I-95125 Catania, Italy

c Dipartimento di Costruzioni e Tecnologie Avanzate, Contrada Sperone, 31, I-98166 S. Agata Messina, Italy

Received 12 November 1998; accepted 17 July 1999

Abstract

The derivatives of the response of a structural system with respect to the system parameters are termed sensitivities.

They play an important role in assessing the e�ect of uncertainties in the mathematical model of the system and in

predicting changes of the response due to changes of the design parameters. In this paper, a time domain approach for

evaluating the sensitivity of discrete structural systems to deterministic, as well as to Gaussian or non-Gaussian sto-

chastic input is presented. In particular, in the latter case, the stochastic input has been assumed to be a delta-correlated

process and, by using Kronecker algebra extensively, cumulant sensitivities of order higher than two have been obtained

by solving sets of algebraic or di�erential equations for stationary and non-stationary input, respectively. The theo-

retical background is developed for the general case of multi-degrees-of-freedom (MDOF) primary system with an

attached secondary single-degree-of-freedom (SDOF) structure. However, numerical examples for the simple case of an

SDOF primary±secondary structure, in order to explore how variations of the system parameters in¯uence the system,

are presented. Finally, it should be noted that a study of the optimal placement of the secondary system within the

primary one should be conducted on an MDOF structure. Ó 2000 Civil-Comp Ltd. and Elsevier Science Ltd. All

rights reserved.
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1. Introduction

In many cases of engineering interest, it has become

quite common to use stochastic processes to model

loads. In these cases, the structural response needs to be

adequately evaluated in a probabilistic sense by means

of cumulants or statistical moments of any order [1], if

the closed form expression of the probability density

function cannot be determined.

For linear systems excited by normal (or Gaussian)

input, the response process is also normal and the mo-

ments, or alternatively the cumulants up to the second

order, are able to fully characterise the probability

density function of both input and output processes.

In some circumstances, the excitation is signi®cantly

non-normal, as in the case of quadratic terms commonly

used in ¯uid mechanics, and the probabilistic charac-

terisation of the response requires higher order moments

(or cumulants), which can be evaluated once higher or-

der correlation functions of the input are known [2].

Alternatively, the non-normal input process can be ob-

tained as the solution of a set of ®rst-order linear

di�erential equations subjected to a delta-correlated

process [3]. The delta-correlated processes are also

known as non-normal white noise processes, or Levy

white noise processes [4]. An important class of non-

normal processes consists of memoryless non-linear

transformations of normal processes [5,6]. As an exam-

ple, polynomials of Gaussian processes have been
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applied to model the wind and wave forces acting on

structural systems [7,8].

Once the input of the system is fully characterised,

attention has to be devoted to the assumption of the

values of the system parameters. The basic question of

stochastic sensitivity is the following: ``what is the in¯u-

ence, in some stochastic sense, of the parameters of the

system on the solution of this system?'' [9]. This problem

is important as a real system and its idealised mathe-

matical model cannot be identi®ed exactly. The so-called

sensitivities are the derivatives of the response of a

structural system with respect to the system parameters

such as sti�ness, mass, damping, etc. They play an im-

portant role in assessing the e�ect of uncertainties in the

mathematical model of the system and in predicting

changes in the response due to changes in the design

parameters. Indeed, in the case of complex mechanical

and structural systems, the evaluation of sensitivities

(sensitivity analysis) provides a very powerful method for

the choice of optimal structural parameters, rather than

through the use of standard optimisation methods.

Many books and papers have been published on the

sensitivity analysis of structural systems under dynamic

deterministic loads in both time and frequency domain

[10±12] and under Gaussian stochastic processes

[9,13,14]. Recently, it has also been shown that the sen-

sitivity analysis can play an important role in the design

of composite primary±secondary structural systems

[15,16]. In particular, this analysis can be used to design

the optimal secondary structural parameters in such a

way that the primary substructure response is reduced.

In this paper, a formulation for ®nding the stochastic

sensitivities of a discrete structural system subjected to

stochastic Gaussian or non-Gaussian input is presented.

The proposed formulation is de®ned in the time domain

according to the following steps: (a) write the di�erential

equations governing the cumulants of every order of the

response by means of Kroneker algebra [2,6,8]. The latter

are a set of ®rst-order linear di�erential equations, which

become a set of algebraic ones for stationary input; (b)

evaluate the stochastic sensitivity of the response, once

the cumulant di�erential equations are derived with re-

spect to structural parameters, thus leading to a set of

®rst-order linear di�erential equations which become

algebraic ones for stationary input. Moreover, in this

paper, the proposed time domain stochastic sensitivity

approach has been applied for evaluating the sensitivity

of the response of a primary system with respect to mass,

sti�ness and damping changes of a secondary system for

non-Gaussian stochastic input.

2. Preliminary concepts

Let an n-degree of freedom (n-DOF) dynamical lin-

ear system equation of motion be cast in the form

M �U�t� � C _U�t� � KU�t� � V0W�t�; �1�
where M, C and K are the n ´ n mass, damping and

sti�ness matrices, respectively, U is the n-vector of nodal

displacements, V0 is a load in¯uence n� p matrix and

W(t) is a p-vector of forcing functions. Let the vector of

state variables Z(t) be introduced in the form

Z�t� � U�t�
_U�t�

� �
: �2�

Eq. (1) can then be written in the form

_Z�t� � DZ�t� � VW�t�; �3�
where

D � 0 I
ÿMÿ1K ÿMÿ1C

� �
; V � 0

Mÿ1V0

� �
: �4�

Let us suppose now that the kth element Wk(t) of the

vector excitation W(t) is a non-normal delta-correlated

process; this means that the value Wk(tj), for any par-

ticular time tj, is statistically independent of the values

of Wk(t) at any other times. This implies that the mth

order correlation function of Wk(t) has the following

expression [1±3]:

km Wk t1� �;Wk t2� �; . . . ;Wk tm� �� �
� qm;k t1� �d t2� ÿ t1�d t3� ÿ t1� � � � d tm� ÿ t1� �5�

with d �� � being Dirac's delta function and qm;k t1� � being

the mth order intensity coe�cient. Moreover, that the

components of W(t) are supposed to be uncorrelated, i.e.

km Wk t1� �;Wl t2� �; . . . ;Wm tm� �� � � 0 �6�
for k 6� l or k 6� m or m 6� l. A relevant example of delta-

correlated process is represented by the Poisson white

noise de®ned as the following impulsive process:

Wk t� � �
XNk t� �

r�1

Qk;rd t� ÿ tk;r� �7�

where Nk(t) is a counting Poisson process, and the pulses

of amplitude Qk;r are identically distributed random

variables independent of each other and of the time in-

stants tk;r; the latter are distributed according to the

Poisson law, with mean arrival rate equal to kk t� �; in the

case of Poisson white noise, the intensity coe�cient

qm;k t� � of order m are simply given by

qm;k�t� � kk�t�E Qm
k

� �
; m � 1; 2; . . . ; �8�

where E �� � means stochastic average. If qm;k t� � is inde-

pendent of t for every m, then the process Wk(t) is

strongly stationary. In the particular case in which

kk�t�E Q2
k

� � � const and kk�t� ! 1, then the intensity

coe�cient qm;k�t�, with m > 2, approaches zero and the

process Wk(t) approaches a normal white noise.
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