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Abstract
This paper focuses on sensitivity analysis of results from computer models in which both epistemic and aleatory uncertainties are
present. Sensitivity is deﬁned in the sense of ‘‘uncertainty importance’’ in order to identify and to rank the principal sources of epistemic
uncertainty. A natural and consistent way to arrive at sensitivity results in such cases would be a two-dimensional or double-loop nested
Monte Carlo sampling strategy in which the epistemic parameters are sampled in the outer loop and the aleatory variables are sampled in
the nested inner loop. However, the computational effort of this procedure may be prohibitive for complex and time-demanding codes.
This paper therefore suggests an approximate method for sensitivity analysis based on particular one-dimensional or single-loop
sampling procedures, which require substantially less computational effort. From the results of such sampling one can obtain
approximate estimates of several standard uncertainty importance measures for the aleatory probability distributions and related
probabilistic quantities of the model outcomes of interest. The reliability of the approximate sensitivity results depends on the effect of all
epistemic uncertainties on the total joint epistemic and aleatory uncertainty of the outcome. The magnitude of this effect can be expressed
quantitatively and estimated from the same single-loop samples. The higher it is the more accurate the approximate sensitivity results will
be. A case study, which shows that the results from the proposed approximate method are comparable to those obtained with the full
two-dimensional approach, is provided.
r 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
It is a common practice in many scientiﬁc ﬁelds to
analyze the impact of aleatory uncertainties on model
results by Monte Carlo sampling procedures. From the
sample values of the model outcome generated in this way
one may determine statistical estimates of the probabilities
of the process states of interest and other useful probabilistic quantities expressing aleatory uncertainty. In this
context the frequentistic concept of probability interpretation is applied.
Often, however, the exact types of the random laws
involved, their distributional parameters, the values of
many other model parameters and input data for the model
application etc. are not known precisely, i.e. are subject to
epistemic uncertainty. These uncertainties may also be
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quantiﬁed by probability distributions representing the
respective subjective state of knowledge and being interpreted according to the subjectivistic or degree-of-belief
concept of probability.
It is widely acknowledged that these two types of
uncertainty must very carefully be distinguished and that
this distinction must be maintained throughout the analysis
and displayed in the ﬁnal results.
It is also intuitively clear and has often been pointed out
[1] that the most natural Monte-Carlo-based method
consistent with the principle of separating the two types
of uncertainty is the ‘‘double-loop’’ nested sampling
procedure, also called ‘‘two-stage’’ or ‘‘two-dimensional’’
sampling. It consists of
(1) an outer loop where the values of the epistemic
parameters are sampled according to their epistemic
marginal probability distributions and
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(2) a nested inner loop where the values of the aleatory
variables are sampled according to their aleatory
conditional probability distributions, given the
values of the epistemic variables generated in the outer
loop.

2. Fundamentals of the approach

Each inner loop provides a conditional empirical
aleatory distribution of the model outcome of interest.
From this distribution the probabilities of the process
states of interest and other useful probabilistic quantities
can be statistically estimated. Finally, both loops together
provide a sample of such empirical aleatory distributions
and, correspondingly, a sample of probabilities of the
process states or other probabilistic quantities of interest
expressing aleatory uncertainty.
This sample, along with the underlying parameter
sample generated in the outer loop, can be used to
perform a standard sensitivity analysis, i.e. to compute
appropriate sensitivity indices for the probabilistic
quantities of interest with respect to all the epistemic
uncertainties.
It is clear that the computational effort for such twodimensional sampling may not be feasible, particularly if
the model is computationally expensive and small probabilities are to be estimated from the inner loop samples.
For computationally not too expensive models the
sampling within the inner loop may be modiﬁed using
variance-reducing sampling methods [2] or may even
replaced by analytical methods like FORM/SORM [3] or
Fault-/Event-Tree analysis [4]. For further references on
the subject of separating uncertainties at reduced computational costs, cf. [5,6].
Nevertheless, there are still many computationally
demanding applications, e.g. in nuclear safety, where all
these methods are not feasible. For an uncertainty and
sensitivity analysis of results from such models appropriate
methods are needed, which keep the overall number of
model runs as small as possible.
The sampling method for an approximate sensitivity
analysis presented in this paper consists of solely two
single-loop Monte Carlo samples. Compared with the full
two-stage nested sampling this is a substantial reduction of
computational effort.
A slightly different sampling method was proposed in
[5,6] for the purposes of an approximate uncertainty
analysis, only. However, it will turn out that with the
present approach both an approximate uncertainty and an
approximate sensitivity analysis can be conducted at the
same low computational costs and even under less
restrictive conditions.
A similar sampling strategy was also proposed in [7,10]
in the context of estimating the ‘‘ﬁrst-order effect’’ and the
‘‘total effect’’ variance-based sensitivity indices. It will turn
out to be a special case of the proposed sampling method
under the assumption of independence between the
variables involved.

Y ¼ hðU; VÞ,
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The terminology notation and presentation in this
section is adopted from [5].
Any scalar process variable or model outcome Y, which
is subject to epistemic and aleatory uncertainties, may be
represented as
with U ¼ (U1,y,Un) is the set of all epistemic uncertainties
(uncertain parameters), V ¼ (V1,y,Vm) the set of all
aleatory uncertainties (random variables), h(U,V) the
computational model considered as a function of both
aleatory and epistemic uncertainties U and V.
This situation can probabilistically be characterized by
two probability distributions (PDF):
(1) fU(u): marginal epistemic PDF of U which quantiﬁes
the epistemic uncertainty of the parameters U. It is very
often obtained from expert judgment.
(2) fV|U(v|U ¼ u): conditional aleatory PDF of V given
U ¼ u ( ¼ family of distributions indexed by u). It
describes the random laws of the aleatory variables V
for a given value u of the uncertain parameters U. This
distribution is usually part of the computational model
and may depend on u also via intermediate model
results.
If U ¼ u, i.e. if the epistemic variables U are held ﬁxed at
u, the resulting outcome Y is a function of the aleatory
uncertainties V alone. Its distribution is the conditional
distribution of Y given U ¼ u and quantiﬁes the corresponding conditional aleatory uncertainty in Y. The
expected value of this distribution is
E ½Y jU ¼ u ¼ E½conditional distribution of Y given U ¼ u
Z
¼
hðu; vÞf VjU ðvjU ¼ uÞ dv,
i.e. v is ‘‘integrated out’’ from h(u,v).
E [Y|U ¼ u] can be viewed as a quantity depending on u
and representing the conditional aleatory uncertainty of
the outcome Y given U ¼ u. In the sequel the standard
concise notation
E ½Y jU
will be used to denote the above conditional expectation
E [Y|U ¼ u] considered as function of the epistemic
uncertainties U alone.
Using expectation to represent conditional aleatory
uncertainty must not be regarded as very restrictive. Many
of the standard distributional parameters characterizing
aleatory uncertainty can be viewed as expectations of
appropriate outcome functions. E.g. the value FY(y|U ¼ u)
of the conditional distribution function of an outcome
variable Y at any given point y as well as the probability of
any other ‘‘system state of interest’’ may be represented as
conditional expectation E [I{}|U ¼ u] of an appropriately

