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Abstract
This paper presents a new fractal ﬁnite element based method for continuum-based shape sensitivity analysis for a crack
in a homogeneous, isotropic, and two-dimensional linear-elastic body subject to mixed-mode (modes I and II) loading conditions. The method is based on the material derivative concept of continuum mechanics, and direct diﬀerentiation. Unlike
virtual crack extension techniques, no mesh perturbation is needed in the proposed method to calculate the sensitivity of
stress-intensity factors. Since the governing variational equation is diﬀerentiated prior to the process of discretization, the
resulting sensitivity equations predicts the ﬁrst-order sensitivity of J-integral or mode-I and mode-II stress-intensity factors, KI and KII, more eﬃciently and accurately than the ﬁnite-diﬀerence methods. Unlike the integral based methods such
as J-integral or M-integral no special ﬁnite elements and post-processing are needed to determine the ﬁrst-order sensitivity
of J-integral or KI and KII. Also a parametric study is carried out to examine the eﬀects of the similarity ratio, the number
of transformation terms, and the integration order on the quality of the numerical solutions. Four numerical examples
which include both mode-I and mixed-mode problems, are presented to calculate the ﬁrst-order derivative of the J-integral
or stress-intensity factors. The results show that ﬁrst-order sensitivities of J-integral or stress-intensity factors obtained
using the proposed method are in excellent agreement with the reference solutions obtained using the ﬁnite-diﬀerence
method for the structural and crack geometries considered in this study.
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1. Introduction
In recent years methods based on fractal geometry concepts to generate inﬁnite number of ﬁnite elements
around the crack tip to capture the crack-tip singularity have been developed or investigated to solve linearelastic fracture-mechanics (LEFM) problems [1–5]. The fractal ﬁnite element method (FFEM) is one such
method developed for calculating the stress-intensity factors (SIFs) in linear-elastic crack problems. In its
original form, the fractal two-level ﬁnite element method was ﬁrst proposed by Leung and Su in 1993 [6]. Since
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