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Abstract
The majority of standard tools for computer-aided design can perform only limited types of the sensitivity analysis: Spice
determines operating-point sensitivities, and SpectreRF contains a parametric sensitivity analysis that can be used for determining the phase noise, for example. In the paper, some new types of the sensitivity analysis in frequency and time domains
are described. These types of the analysis are not implemented in the standard circuit simulators.
In the frequency domain, a procedure for determining the sensitivities of the noise ﬁgure is suggested. First, an improvement
of the method for computing the noise ﬁgure is presented, which incorporates necessary circuit matching and eliminates the
subtraction of output noise from the load at each frequency. Second, a simple formula is derived for computing the sensitivities of the noise ﬁgure. The sensitivity analysis in the frequency domain is generally demonstrated by means of a distributed
microwave ampliﬁer. The application of the sensitivity analysis of the noise ﬁgure for improving the noise properties of a
monolithic microwave ampliﬁer is described.
In the time domain, a new recurrent formula is derived for the sensitivity analysis that efﬁciently uses high-order expressions
of the algorithm for implicit numerical integration. Since the chosen integration algorithm is more ﬂexible than the more frequently used Gear’s one, the suggested formula leads to more efﬁcient procedure. The sensitivity analysis in the time domain
is important for analyzing symmetrical microwave circuits, because their operating-point sensitivities are zero in principle.
For this reason, the signiﬁcance of the proposed method is demonstrated by an analysis of a symmetrical radio-frequency
CMOS multiplier. As an unusual example of exploiting the method, a temperature sensitivity analysis of a power operational
ampliﬁer is described.
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1. Introduction to the frequency domain
The Afﬁrma RF circuit simulator [1] (it is also known as
SpectreRF) contains a special type of the sensitivity analysis in the frequency domain, which models the frequency
translation, and it can determine the sensitivity of the output to either up-converted or down-converted noise from
power supplies or a local oscillator. In this section, the
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sensitivity analysis in the frequency domain is generally described, and a procedure for computing the sensitivities of
the noise ﬁgure is deﬁned subsequently.
The sensitivity analysis in the frequency domain should
use computational by-products of a conventional AC analysis, especially L and U matrices resulting from complex
LU factorizations. For this reason, the sensitivity analysis
(including the sensitivity analysis of the noise ﬁgure) is performed as a part of the AC analysis. The formulae of the
sensitivity analysis have been implemented into an original
software tool Circuit Interactive Analyzer (C.I.A.) [2].
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2. Sensitivity analysis in the frequency domain
A parametric system of the circuit linear equations (or the
equations that are linearized at the circuit operating point)
can be written in the form
A(p)x(p) = b(p),

(1)

where p is one of the circuit parameters to which the sensitivities are requested. The vector of the derivatives with respect to this parameter jx(p)/jp marked for simplicity by
x (p) can be obtained by differentiating (1)






A (p)x(p) + A(p)x (p) = b (p),

(2)

which gives the basic system of the complex linear equations
A(p)x (p) = b (p) − A (p)x(p).

(3)

The circuit contains an independent input source and no
other internal sources in this case. Therefore, the ﬁrst part of
the right side of (3) is equal to zero and the system is simpler


A(p)x (p) = −A (p)x(p).

(4)

If simulator procedures are unable to determine the parametric derivatives jA... /jp symbolically, they must be computed numerically. For example, the natural approximation
of the derivatives
A (p) ≈

A(p + p) − A(p)
p

(5)

can be used, and inserting this formula into (4) considering
(1) gives the system
A(p)x (p) =

b(p) − A(p + p)x(p)
.
p

(6)

The real and imaginary parts obtained by the solution
of the exact system (4) or its approximation (6) serve for
creating other useful forms of the output of the sensitivity
analysis
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for i = 1, . . . , nx , where nx is the dimension of the vector x,
and R and I mark the real and imaginary parts, respectively.

2.2. Noise sensitivity analysis
The circuit contains nn internal noise sources and no independent input source in this case. A j th output of the noise
analysis is determined by solving the system
j = 1, . . . , nn ,

A(p)j x(p)=j b(p),

(8)

which is of the same type as (1). Therefore, the complex LU
factorization of A must be executed only once for each frequency, which is conventional and very important, of course.
Similarly, the sensitivity of the j th output is determined by
solving the system
A(p)j x (p)=j b (p) − A (p)j x(p).

2.1. Standard sensitivity analysis
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(9)

If the procedure is unable to compute the parametric
derivatives jA... /jp symbolically, they must be determined
numerically using the approximation (5) and the similar one
jb



(p) ≈

j b(p

+ p)−j b(p)
,
p

j = 1, . . . , nn ,

(10)

which gives the approximation of (9)
A(p)j x (p) =

j b(p

j = 1, . . . , nn .

+ p) − A(p + p)j x(p)
,
p
(11)

An ith component xinoise of the output of the noise analy
sis xnoise and its sensitivity xinoise are determined by the solutions of the exact systems (8) and (9), or by the solutions
of the exact system (8) and the approximation (11)


 nn R 2 I 2
noise
xi
=
(j x i + j x i )
j =1



⇒ xinoise =

nn R R  I I 
j =1 (j x i j xi +j x i j xi )
.
xinoise

(12)

It is necessary to point out that the standard noise models
of transistors in Spice do not take advantage of the noise
correlation, which means that the inﬂuence of S12 is not
considered in the calculations. Therefore, the use of (12) is
limited only to the frequencies below fT of the transistors.

2.3. Sensitivity analysis of the noise ﬁgure
(7b)
General formulae for computing the noise factor Fn and
the noise ﬁgure FndB have been derived in [3] (see also
Fig. 4)
(7c)

Fn =

2
Vn2 − Vn,R
load

A2V 4kT 0 Rsource

,

FndB = 10 log(Fn ),

(13)

