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a

Lavrentyev Institute of Hydrodynamics of the Russian Academy of Sciences, Novosibirsk 630090, Russia
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We consider an elastic body with a rigid inclusion and a crack located at the boundary of
the inclusion. It is assumed that nonpenetration conditions are imposed at the crack
faces which do not allow the opposite crack faces to penetrate each other. We analyze
the variational formulation of the problem and provide shape and topology sensitivity
analysis of the solution in two and three spatial dimensions. The differentiability of the
energy with respect to the crack length, for the crack located at the boundary of rigid
inclusion, is established.
& 2009 Elsevier Ltd. All rights reserved.
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1. Introduction
The problem associated with cracks in elastic bodies on boundaries of rigid inclusions appears in a vast number of
applications in civil, mechanical, aerospace, biomedical and nuclear industries. In particular, some classes of materials are
composed by a bulk phase with inclusions inside. When the inclusions are much stiffer than the bulk material, we can treat
them as rigid inclusions. In addition, it is quite common to have cracks between both phases. Thus, in this paper we deal
with the mechanical modeling as well as the shape and topology sensitivity analysis associated with the limit case of rigid
inclusions in elastic bodies with a crack at the interface.
The mechanical modeling is based on the assumption of nonpenetration conditions at the crack faces between the
elastic material and the rigid inclusion, which do not allow the opposite crack faces to penetrate each other, leading to a
new class of variational inequalities. For the sensitivity analysis, we attempt to ﬁnd the shape derivative of the elastic
energy with respect to the perturbations of the crack tip. We also obtain the topological derivatives of the energy shape
functional associated with the nucleation of a smooth imperfection in the bulk elastic material. These quantities are very
important in design procedures and in numerical solution of some inverse problems. Both the analysis and the shape and
topology optimization of this class of problems seem to be new and very useful from the mathematical and also the
mechanical points of view.
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The paper is organized as follows. The problem formulation associated with cracks in elastic bodies on boundaries of
rigid inclusions is presented in Section 2. Some results concerning shape sensitivity analysis with respect to the
perturbations of the crack tip are given with all details in Section 3. The topological derivatives associated with the energy
shape functional are calculated in Section 4. We provide some closed formulas for the case of nucleation of spherical holes
in 3D and circular elastic inclusions in 2D. In this last case, we present the limit cases in which the elastic inclusion
becomes a hole (void) and also a rigid inclusion.
2. Problem formulation
Let O  R3 be a bounded domain with smooth boundary G, and o  O be a subdomain with smooth boundary X such that
o \ G ¼ ;. We assume that X consists of two parts g and Xng, measðXngÞ40, where g is a smooth 2D surface described as
xi ¼ xi ðy1 ; y2 Þ

ðy1 ; y2 Þ 2 D; i ¼ 1; 2; 3

with bounded domain D  R2 having a smooth boundary @D, and the rank of the matrix @x=@y is equal to 2.
Denote by n ¼ ðn1 ; n2 ; n3 Þ a unit outward normal vector to X, see Fig. 1. The subdomain o is assumed to correspond to a
rigid inclusion, and the surface g describes a crack located on X. Domain Ono corresponds to the elastic part of the body.
For the further use we introduce the space of inﬁnitesimal rigid displacements
RðoÞ ¼ fr ¼ ðr1 ; r2 ; r3 Þ j rðxÞ ¼ Bx þ C; x 2 og,
where
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Denote Og ¼ Ong. Problem formulation describing an equilibrium of the elastic body with the rigid inclusion o and the
crack g is as follows. In the domain Og , we have to ﬁnd functions u ¼ ðu1 ; u2 ; u3 Þ, u ¼ r0 on o; r0 2 RðoÞ; and in the domain
Ono we have to ﬁnd functions s ¼ fsij g, i; j ¼ 1; 2; 3, such that
 div s ¼ F in Ono,
s  AðuÞ ¼ 0 in Ono,
u¼0

(1)
(2)

on G,
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on gþ ,

ðu  r0 Þ  n  0
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st ¼ 0; sn  0 on gþ ,
sn ðu  r0 Þ  n ¼ 0 on gþ ,
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Here F ¼ ðF 1 ; F 2 ; F 3 Þ 2 L2 ðOÞ is a given function,

sn ¼ sij nj ni ; st ¼ sn  sn n,
st ¼ ðs1t ; s2t ; s3t Þ; sn ¼ fsij nj gi¼3
i¼1 ,
1
ij ðuÞ ¼ 2ðui;j þ uj;i Þ; i; j ¼ 1; 2; 3.
All functions with two lower indices are assumed to be symmetric in those indices. Summation convention over repeated
indices is accepted throughout the paper. Elasticity tensor A ¼ faijkl g, i; j; k; l ¼ 1; 2; 3, is given, and it satisﬁes the usual
symmetry and positive deﬁniteness properties,
aijkl ¼ aklij ¼ ajikl ;

aijkl 2 L1 ðOÞ;

aijkl xkl xij  c0 jxj2

8xij ¼ xji ;

i; j; k; l ¼ 1; 2; 3,

c0 ¼ const.

Fig. 1. Domain O with rigid inclusion o.

