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a b s t r a c t

This paper proposes an approach to the choice and evaluation of engineering models with the aid of a
typical application in geotechnics. An important issue in the construction of shallow tunnels, especially
in weak ground conditions, is the tunnel face stability. Various theoretical and numerical models for pre-
dicting the necessary support pressure have been put forth in the literature. In this paper, we combine
laboratory experiments performed at the University of Innsbruck with current methods of uncertainty
and sensitivity analysis for assessing adequacy, predictive power and robustness of the models. The
major issues are the handling of the twofold uncertainty of test results and of model predictions as well
as the decision about what are the influential input parameters.

� 2010 Elsevier Ltd. All rights reserved.

1. Introduction

This article addresses the question of model choice and model
adequacy in engineering design, especially in geotechnics. Experi-
mental and mathematical methods will be combined to achieve
this task. In fact, various types of simplifications and assumptions
have to be introduced in geotechnical calculations. This can lead to
different models for the same geotechnical problem. These models
do not predict the same system behavior in general.

The question arises how to assess adequacy, predictive power
and robustness of the models. We set out to investigate this issue
using laboratory data on the one hand and methods from uncer-
tainty analysis on the other hand. Predictive power can be assessed
by comparison of experimental results and theoretical prediction.
Here the uncertainty lies in the experimental results, the input
data of the models and the propagation of uncertainty to the the-
oretical output.

Robustness and adequacy of the models can be best understood
by means of sensitivity analysis [1–4]. When combining experi-
mental data and theoretical models, sampling based sensitivity
analysis – with its recently developed powerful statistical indica-
tors – suggests itself as a suitable approach [5–10]. As a further
important tool in the assessment of the joint uncertainty of the
model parameters, we employ bootstrap resampling techniques
[11–14].

The construction of shallow tunnels is an engineering challenge
up to the present day. Tunnels with low cover are often headed
using the shield technique. In this context the face stability is an

important issue. In order to minimize settlements at the ground
surface and to prevent failure of the soil ahead of the face, the tun-
nel face must be supported. It has been a long-standing topic of re-
search how to predict the necessary support pressure for shield
tunnelling. A variety of theoretical and numerical models for esti-
mation of the minimum required support pressure have been pro-
posed. The theoretical approaches can be subdivided into
kinematic approaches with failure mechanisms (e.g. [15–27]) and
static approaches with admissible stress fields (e.g. [23,28]). Some
additional approaches are neither purely kinematic nor purely sta-
tic [29,30]. We will use some of these models to exemplify the pro-
posed strategy for assessing the predictive power of a geotechnical
model.

Experimental investigations of face stability range from experi-
ments at single gravity, so-called 1g-model tests (e.g. [31–34]) to
centrifuge tests at multiples of g (e.g. [35–40]). Large scale tests
are rare (e.g. [41]). We use a series of 1g-model tests [33,42] for
comparison with the prediction of the chosen theoretical models.

In the theoretical models under scrutiny, the output parameter
was the necessary support pressure ps. The input (soil) parameters
possessing the largest degree of random variability were identified
as the actual void ratio e and the loose and dense state void ratios el

and ed, respectively. All these parameters were estimated in small-
scale laboratory experiments. Another important model parameter
is the friction angle u of the soil. This parameter is estimated by
means of a linear model u � b0 + b1Id, with the relative density Id

(which in turn is a function of e, el and ed). In order to assess the
influence of the regression coefficients b0, b1 on the output ps, we
needed to determine their statistical distribution. We achieved this
by means of the so-called resampling technique, producing a large
bootstrap sample of the experimental data and thereby simulating
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the joint distribution of b0 and b1. We believe that this is a novel
method for obtaining joint distributions – including correlations
– of geotechnical data.

As a first application of the statistical data model, we could as-
sess the ranges of the output parameter ps by means of the First-
Order-Second-Moment-Method and compare them with the
experimental results. The model with the best fit was then scruti-
nized further: we calculated the sensitivities of the output ps with
respect to the five input parameters described above. Here we used
Monte Carlo simulation based on the input distributions obtained
before. Going beyond the rather crude picture obtained by scatter-
plots, we computed stronger statistical measures of sensitivity,
such as partial correlation coefficients. These indicators are de-
signed so as to remove hidden influences of co-variates. In addi-
tion, this method lends itself to a further application of
resampling, allowing to determine the statistical significance of
the resulting sensitivities. Further, these methods are applicable
in numerical models as well – accordingly, we included a Finite
Element calculation in our list of models.

In short, the goal of the paper is to propose an approach to model
choice and model assessment with the aid of a typical application in
geotechnics. Experiments play a twofold role here. On the one hand,
1g-model tests are performed to investigate the behavior of a tunnel
face close to failure. On the other hand, the outcome of these tests
are contrasted with the predictions of theoretical models. These
theoretical models contain material parameters that in turn are
determined from (different) experiments. Thus both the outcome
of the 1g-model tests and the predictions are uncertain. In the pres-
ence of this twofold uncertainty, the assessment of model quality
requires sophisticated methods from data analysis and uncertainty
analysis. Bootstrap resampling techniques are used to assess the
statistical distributions of the input parameters, resulting in vari-
ability intervals for the model predictions that can be compared
with confidence intervals of the test results. This enables a compar-
ison of the range of the predicted output with the range of the mea-
sured output and thus allows to assess the model quality.

We take one further step, once the fittest model has been cho-
sen. This step is sensitivity analysis, determining a ranking of the
input parameters according to their influence on the model output.
The significance of the ranks is again assessed by bootstrap meth-
ods. Highly influential input parameters should be known more
precisely than less influential parameters. This aids in deciding
where to focus the effort in further experimental, in situ or labora-
tory investigations. In addition, if the influence of an input param-
eter is classified as non-zero, this supports the structure of the
model that considers it as a factor to be accounted for.

The paper is organized as follows. In Section 2, we briefly pres-
ent the theoretical models under investigation. In Section 3, we de-
scribe the experimental set-up. Section 4 is devoted to uncertainty
and sensitivity analysis. We formulate the statistical data models
and explain how joint distributions were obtained by resampling.
Then we do the FOSM calculation that leads to an overall assess-
ment of the predictive power of the models. This section concludes
with the sensitivity analysis based on Monte Carlo simulations and
the statistical indicators mentioned above. In Section 5, we discuss
the Finite Element model and the corresponding uncertainty/sensi-
tivity analysis. The final section summarizes our conclusions.

The methods of uncertainty/sensitivity analysis are based on
our earlier paper [4]; for a general survey of sampling based sensi-
tivity analysis we recommend [8].

2. Theoretical models

A lot of researchers have put forward theoretical models and
empirical relations to predict the necessary support pressure ps

for tunnels in soft ground. We use five models for our comparison,
namely those of Horn, Kolymbas, Krause, Leca and Dormieux, Ver-
meer and Ruse.

Horn was the first to present a kinematic mechanism with a
sliding wedge for the given problem (Fig. 1). The silo theory [43]
is used to calculate the vertical force acting on the top of the
wedge. Force equilibrium yields the support force as function of
the wedge geometry. The necessary support force is the maximum
value of this function. We use the original version of the Horn mod-
el [15] in our study. Note that there are various variations of the
original model [16–19,44,20,22,45,22]. They differ by assumptions
about the lateral earth pressure coefficients used in the silo theory,
the vertical distribution of vertical earth pressure, cohesional and
frictional forces on the top of the wedge, the approximation of
the non-rectangular tunnel cross section and the shape of the basal
boundary of the sliding wedge. An overview of these variations can
be found in [33].

Kolymbas derived a single equation for the support pressure,
which follows from the equilibrium condition by assuming an
admissible stress field above the tunnel and full mobilization of
soil strength at the tunnel crown [29].

Krause considered a single hemispherical body of soil as three-
dimensional failure mechanism. Cohesion and frictional forces in
the contact area build up a resistance against a rotational type of
failure. By equilibrating the moments acting on the body, he de-
rived an expression for the necessary support pressure ps [22].

Leca and Dormieux [23] presented a sliding wedge mechanism
of one or two solid conical wedges with circular cross sections.
Making use of the upper bound theorem, they calculated the sup-
port pressure as a function of the inclination angle a of the cone
axis with respect to the horizontal. By maximizing the resulting
pressure over a range of a, expressions for the necessary support
pressure were obtained.

Vermeer and Ruse presented a simple equation [46–48], which
was developed using Finite Element calculations. The soil was
modelled with a linear elastic, perfectly plastic constitutive model
with a Mohr–Coulomb failure condition. Failure was triggered by a
reduction of the pressure on the tunnel face.

The principal input parameters of the above models are the unit
weight c, the cohesion c and friction angle u of the soil, as well as
the overburden C and the diameter D of the tunnel. The cohesion is
set to zero in this investigation, as dry sand was used in the labo-
ratory experiments [33]. The geometry parameters C and D can be
determined with high accuracy, do not change throughout the test
and are independent of the other parameters.
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Fig. 1. Geometry of Horn’s rigid block mechanism.
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