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a b s t r a c t

It is shown that the effective dimensions can be estimated at reasonable computational costs using

variance based global sensitivity analysis. Namely, the effective dimension in the truncation sense can be

found by using the Sobol’ sensitivity indices for subsets of variables. The effective dimension in the

superposition sense can be estimated by using the first order effects and the total Sobol’ sensitivity

indices. The classification of some important classes of integrable functions based on their effective

dimension is proposed. It is shown that it can be used for the prediction of the QMC efficiency. Results of

numerical tests verify the prediction of the developed techniques.

& 2010 Elsevier Ltd. All rights reserved.

1. Introduction

Modern mathematical models of real systems in physics,
chemistry, biology, economics and other areas often have high
complexity with hundreds or even thousands of variables. Straight-
forward modelling using such models can be computationally
costly or even impossible. There is a demand for complexity
reduction techniques which are not only general and applicable
to any complex non-linear model but also rigorous in that
their application provides estimates of the approximation errors.
Variance based global sensitivity analysis allows to develop such
complexity reduction techniques. Recently a new class of measures
was introduced by Borgonovo [1,2]. These measures are known as
moment-independent. They are based on the entire distribution of
the output without a specific reference to its moments. Potentially,
moment-independent measures can also be used for complexity
reduction.

For modelling and complexity reduction purposes it is impor-
tant to distinguish between the model nominal dimension and its
effective dimension. The notions of the ‘‘effective dimension’’ in the
truncation and superposition sense was introduced by Caflisch
et al. in [3]. Quite often complex mathematical models have
effective dimensions much lower than their nominal dimensions.
The knowledge of model effective dimensions is very important as
it allows to apply various complexity reduction techniques.

The effective dimension in the truncation sense dT loosely
speaking is equal to the number of important factors in the model.
Identification of important and not important variables allows to
fix not important variables at their nominal values. The resultant
model would have lower complexity with dimensionality reduced
from n to dT. A condition dT 5n often occurs in practical problems.
Another type of complexity reduction is associated with the
effective dimension in the superposition sense dS: the function
has the effective dimension in the superposition sense dS if it is
almost a sum of s-dimensional function components in the ANOVA
decomposition.

For some problems such as path-dependent option pricing in
mathematical finance changing the order in which input variables
are sampled can dramatically decrease dT. Such techniques are
known as dimension reduction. Most results on dimension reduc-
tion are empirical and qualitative (see for example [3]).

A straightforward evaluation of the effective dimensions from
their definitions is not practical in the general. Owen introduced
the dimension distribution for a square integrable function [4]. The
effective dimension can be defined through a quantile of the
dimension distribution. He showed that for some classes of functions
quantiles of the dimension distribution can be explicitly calculated
but they are difficult to estimate in a general case. In this paper we
show that global sensitivity analysis based on the Sobol’ sensitivity
indices (SI) allows to estimate the effective dimensions at reasonable
computational costs.

Evaluation of the Sobol’ SI necessitates the computation of high-
dimensional integrals. The classical grid methods become compu-
tationally impractical when the number of dimensions n increases
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because of ‘‘the curse of dimensionality’’. The convergence rate of
Monte Carlo (MC) integration methods does not depend on the
number of dimensions n. However, the rate of convergence
OðN�1=2Þ, where N is the number of sampled points, attained by MC
is rather slow. A higher rate of convergence can be obtained by using
quasi-Monte Carlo (QMC) methods based on uniformly distributed
sequences instead of pseudo-random numbers. Asymptotically, QMC
can provide the rate of convergence O(N�1).

For sufficiently large N, QMC should always outperform MC.
However, in practice such sample sizes quite often are infeasible,
especially when high-dimensional problems are concerned. Many
numerical experiments demonstrated that the advantages of QMC
can disappear for high-dimensional problems. There were claims
that the degradation in performance of QMC occurs at nZ12 [5]. In
contrast, other papers reported the superiority of QMC over MC for
some integrands with n¼ 360 [6]. Some explanations for such
inconsistent results were given using the notion of the effective
dimension [3]. In [7] it was shown how the ANOVA components are
linked to the effectiveness of QMC integration methods. Sloan
and Wozniakowski [8] studied the efficiency of the quasi-Monte
Carlo algorithms for high-dimensional integrals. They identified
classes of functions for which the effect of the dimension is
negligible. These are the so-called weighted classes in which the
behavior in the successive dimensions is moderated by a sequence
of weights.

There is no computationally feasible technique that would
predict the efficiency of QMC in high dimensions. In this paper
we use Sobol’ SI as a quantitative measure of the QMC efficiency.

This paper is organized as follows. Section 2 briefly describes MC
and QMC integration algorithms and issues concerning the possible
degradation of QMC efficiency in higher dimensions. Section 3 gives
a description of the Sobol’ SI. Section 4 presents improved formulas
for evaluation of the Sobol’ SI. The notion of the effective dimension
is introduced in Section 5. The classification of functions based on
Sobol’ SI is suggested in Section 6. It is shown how this classification
can be used for the prediction of the QMC efficiency. Test examples
and numerical results are considered in Section 7. Finally, conclu-
sions are given in Section 8.

2. MC and QMC algorithms

Consider the evaluation of an integral

I½ f � ¼

Z
Hn

f ðxÞ dx,

where the function f ðxÞ is integrable in the n-dimensional unit
hypercube Hn and sufficiently regular. The Monte Carlo quadrature
formula is based on the probabilistic interpretation of an integral.
An approximation to this expectation is

IN½f � �
1

N

XN

i ¼ 1

f ðxiÞ,

where fxig is a sequence of random points in Hn of length N. The
approximation IN[f] converges to I[f] with probability 1.

Consider an integration error e defined as

e¼ I½ f ��IN½ f �
�� ��:

The expectation of e2 is

Eðe2Þ ¼
s2ðf Þ

N
,

where s2ðf Þ is the variance. The root mean square error of the MC
method is

eMC ¼ ðEðe2ÞÞ
1=2
¼

sðf Þ
N1=2

:

In contrast to grid methods, the convergence rate of MC methods
does not depend on the number of variables n although it is
rather slow.

The efficiency of MC methods is determined by the properties of
the random numbers. Random number sampling is prone to
clustering. As new points are added randomly, they do not necessa-
rily fill the gaps between already sampled points. In contrast, low-
discrepancy sequences (LDS) are specifically designed to place
sample points as uniformly as possible.

The discrepancy is the measure of deviation from uniformity.
Consider a number of points N from a sequence fxig in an
n-dimensional rectangle Q whose sides are parallel to the coordi-
nate axes, Q AHn. Then, the discrepancy is defined as

DN ¼ sup
Q AHn

NQ

N
�mðQ Þ

����
����,

where m(Q) is a volume of Q and NQ is the number of points of the
sequence fxig that are contained in Q.

The Koksma–Hlawka inequality gives an upper bound for the
QMC integration error:

eQMC rVðf ÞDN : ð1Þ

Here, V(f) is the variation of f ðxÞ in the sense of Hardy and Krause
[9]. For a one-dimensional function with a continuous first
derivative it is simply

Vðf Þ ¼

Z
H1

jdf ðxÞ=dxj dx: ð2Þ

In higher dimensions, the Hardy-Krause variation may be defined
in terms of the integral of partial derivatives. Further it is assumed
that f ðxÞ is a function of bounded variation.

For random numbers, the expected discrepancy is DN ¼

OððlnlnNÞ=N1=2Þ, while the discrepancy of LDS is of the order

DN ¼O
logn
ðNÞ

N

� �
: ð3Þ

There are a few well-known and commonly used LDSs. Different
principles were used for their construction by Halton, Faure, Sobol,
Niederreiter and others. The LDS developed by Niederreiter has the
best theoretical asymptotic properties [9]. However, many prac-
tical studies have proven that the Sobol’ LDS is in many aspects
superior to other LDS [6,10].

The Sobol’ LDS was constructed by following the three main
requirements [11]:

1. Best uniformity of distribution as N-1.
2. Good distribution for fairly small initial sets.
3. A very fast computational algorithm.

Points generated by the Sobol’ LDS produce a very uniform filling of
the space even for a rather small number of points N, which is a very
important point in practice.

The bound on the integration error (1) is a weak one and is not
particularly meaningful in practice. It was shown experimentally
that the QMC integration error is determined by the variance and
not by the variation of the integrand [12]. It is generally accepted
that the rate of the discrepancy determines the expected rate of the
accuracy, so one can use an estimate of the QMC convergence rate

eQMC ¼O
logn
ðNÞ

N

� �
: ð4Þ

Asymptotically, this rate of convergence is O(N�1). Numerous
computational studies showed that QMC methods can provide
significant improvement over MC. The analysis of (4) shows that
eQMC is an increasing function of N up to some threshold value of N�,
N� � expðnÞ. The accelerated convergence rate O(N�1) sets in at
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