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a b s t r a c t

Many dynamic models are used for risk assessment and decision support in ecology and crop science. Such

models generate time-dependent model predictions, with time either discretised or continuous. Their

global sensitivity analysis is usually applied separately on each time output, but Campbell et al. (2006 [1])

advocated global sensitivity analyses on the expansion of the dynamics in a well-chosen functional basis.

This paper focuses on the particular case when principal components analysis is combined with analysis

of variance. In addition to the indices associated with the principal components, generalised sensitivity

indices are proposed to synthesize the influence of each parameter on the whole time series output. Index

definitions are given when the uncertainty on the input factors is either discrete or continuous and when

the dynamic model is either discrete or functional. A general estimation algorithm is proposed, based on

classical methods of global sensitivity analysis.

The method is applied to a dynamic wheat crop model with 13 uncertain parameters. Three methods

of global sensitivity analysis are compared: the Sobol’–Saltelli method, the extended FAST method, and

the fractional factorial design of resolution 6.

& 2010 Elsevier Ltd. All rights reserved.

1. Introduction

Global sensitivity analysis is frequently applied to models with
multivariate or functional output. For example, many dynamic
models used for risk assessment and decision support in ecology
and crop science generate time-dependent model predictions, with
time being either discretised in a finite number of time steps or
considered as continuous. In such situations, as mentioned by
Campbell et al. [1], it may be unsufficiently informative to perform
sensitivity analyses on each output separately or on a few context-
specific scalar functions of the output. Indeed, it may be more
interesting to apply sensitivity analysis to the multivariate output
as a whole. Consequently, there is a need to define criteria and to
develop methods specifically adapted to the sensitivity analysis of
multivariate or functional outputs.

In particular, consider a model with dynamic output or multi-
outputs yð1Þ, . . . ,yðTÞ. Conducting separate sensitivity analyses on
yð1Þ, . . . ,yðTÞ gives information on how the sensitivity of y(t) evolves
over time. This is interesting, but it leads to much redundancy
because of the strong relationship between responses from one time
step to the next one. It may also miss important features of the y(t)
dynamics because many features cannot be efficiently detected
through single-time measurements.

To improve relevance, sensitivity analysis can be applied to
pre-defined scalar functions hðyð1Þ, . . . ,yðTÞÞ that have a useful
interpretation. However, many functions of yð1Þ, . . . ,yðTÞ are poten-
tially interesting to look at. A general and more sophisticated
approach consists in modelling the output as a joint function of
time and of the input variables and uncertain parameters. Several
examples are illustrated in Chapter 7 of Fang et al. [2], based on
spatio-temporal, functional or semiparametric modelling tools.

However there is also a need to apply data-driven methods that
can identify the most interesting features in the y(t) dynamics and
perform sensitivity analyses on these features. Campbell et al. [1]
proposed a simple and very useful approach to do so. It consists in
(i) performing an orthogonal decomposition of the multivariate
output, and (ii) applying sensitivity analysis to the most informa-
tive components individually. There is a large collection of available
methods for the first step: it can be based either on a data driven
method such as principal component analysis, or on the projections
of output on a polynomial, spline, or Fourier basis defined by the
user. The second step can also be performed by several different
methods of sensitivity analysis, such as factorial design, FAST, or
Sobol’ and its most recent versions developed by Saltelli et al. [3,4].

The method proposed by Campbell et al. [1] allows to restrict
attention to a few components rather than a whole dynamic. However,
there is a need also for a synthetic criterion to summarise the sensitivity
over the whole dynamic. This criterion must be adapted to discrete or
continuous uncertainty distributions, whereas the examples in [1] are
restricted to the first case. In this paper, we first show that there is a full
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‘‘factorial by component’’ decomposition of the output variability or
inertia, as illustrated in Lurette et al. [5] and Lamboni et al. [6]. Based on
this decomposition, we propose a new synthetic sensitivity criterion for
discrete factors first. We then extend this criterion to the cases when
the input factors and output are continuous, and estimation methods
are proposed and compared through simulations on a crop model.

Section 2 presents the general framework (Section 2.1), and then
three special cases: (i) the number of model output variables is finite
and a complete or fractional factorial design is used to explore the
input domain (Section 2.2); (ii) the number of model output variables
is finite but the input domain is continuous (Section 2.3); (iii) the
model outputs are defined as a continuous function over time (Section
2.4). In Section 3, the methods are illustrated on a crop model with 13
parameters. The main results are discussed in Section 4.

2. Methodology

2.1. Framework

To perform sensitivity analysis, some uncertain parameters and
input variables are selected for study, while the others are fixed at given
nominal values. The selected parameters and input variables yield the d

input factors Z1 to Zd of the sensitivity analysis. Let z¼ ðz1,z2, . . . ,zdÞu

denote a scenario, that is, a combination of the levels zj of the input
factors Zj, for j in 1, . . . ,d. The model of interest in this paper is

yðtÞ ¼ f ðz,tÞ, tAT , ð1Þ

where yðtÞ is the scalar output at time t and, for simplicity, the function f

is assumed to be deterministic. The time domain T may be discrete or
continuous, and both cases will be considered. A single model run is
determined by its scenario z. Its output is a vector y¼ ðyð1Þ, . . . ,yðTÞÞu if
T is discrete or more generally a function yðtÞ, tAT .

2.2. Discrete-time model with discrete input factors

In this subsection, Model (1) is a discrete-time dynamic model,
with T ¼ f1,2, . . . ,Tg. Besides, the uncertainty domain is restricted
to a discrete set Dj of nj values of interest for each input factor Zj.
Thus the uncertainty domain of z is the complete factorial design,
that is, the full set of scenarios O¼D1 � � � � � Dd of size N¼

Q
jnj.

The full set of output dynamics over the complete factorial
design O, forms the N� T matrix:

Y ¼

y1ð1Þ . . . y1ðtÞ . . . y1ðTÞ

^ ^ ^

yið1Þ . . . yiðtÞ . . . yiðTÞ

^ ^ ^

yNð1Þ . . . yNðtÞ . . . yNðTÞ

0
BBBBBB@

1
CCCCCCA
:

Each column yðtÞ inY contains the values of the output variable at a
given time t, for the full set of scenarios, while each row yi ofY is an
individual dynamic for a given scenario z.

2.2.1. Anova-based decomposition of variance

Consider first global sensitivity analysis for a univariate output.
When the input factors are discrete, this is equivalent to analysis of
variance (anova), a classical method in statistics [7].

In the full anova decomposition, the output variance is decomposed
across 2d factorial terms. Each factorial term w is associated with a
subset of factors, and thus it can be identified to the corresponding
subset of f1, . . . ,dg. For example, the factorial effect denoted by w¼ |
corresponds to the general mean of the output. The subset w¼ fjg

denotes the main effect, or first order effect, of factor Zj. The subset
w¼ fj1,j2g denotes the interaction between factors Zj1

and Zj2
, a second

order effect.

Let h in RN denote a zero mean output vector across
all N scenarios. Because of the orthogonality properties of the
complete factorial design, there is a unique decomposition of the
Sum of Squares SSðhÞ ¼ JhJ2, where J � J2 denotes the quadratic
norm:

SSðhÞ ¼
X

w,wa|

SSw, ð2Þ

where SSw ¼ JSwhJ2 denotes the anova sum of squares associated
with the factorial term w and Sw denotes the orthogonal projection
matrix on the subspace Vw associated to w. For more details and for
the uniqueness of the anova decomposition, see Appendix A and
Scheffé [8].

2.2.2. Principal components analysis

Consider now the dynamic output y. Principal components
analysis (PCA) allows its expansion in a new basis, so that most
information is concentrated in the first few components [9–12].

Let S denote either the variance–covariance matrix or the
correlation matrix of the columns of Y. Thus

S¼
1

N
YucYc ,

with Yc the matrix obtained by centering and possibly normalising
each column ofY. The PCA decomposition is based on theS expansion

S¼
XT

k ¼ 1

lkvkvuk,

with l1Z � � �ZlT the eigenvalues of S and v1, . . . ,vT a set of
normalised and mutually orthogonal eigenvectors associated to these
eigenvalues. For simplicity, we assume that NZT . Then the principal
components (PCs) hk, for k¼ 1,2, . . . ,T, are the mutually orthogonal
linear combinations of the Yc columns defined by hk ¼ Ycvk or, in
matrix form, the columns of the N� T matrix H¼YcV, where V
denotes the T� T matrix with vk in column k. The PCs appear in the
expansion of the output vectors in the basis defined by the eigenvectors
vk, which reads

yiðtÞ ¼ yðtÞþ
XT

k ¼ 1

ðhkÞivkðtÞ,

where yðtÞ is the mean of yðtÞ.
The inertia of Y is defined by I¼ traceðSÞ. If S is a correlation

matrix, then I¼ T . Otherwise, the inertia measures the total
dispersion or variability among the rows of Y. The principal
components satisfy JhkJ

2
¼ lk, and the eigenvalues satisfyP

klk ¼ traceðSÞ ¼ I. Thus, by construction, the principal compo-
nent matrix H has the same total inertia as Yc , but it is mostly
concentrated in its first columns.

2.2.3. Sensitivity indices on the principal components

Sensitivity analysis (SA) can be applied to each principal
component. By combining the anova and PCA decompositions,
the following definitions generalise the univariate global sensitiv-
ity indices defined, e.g., in Chan et al. [13].

Definition 1. For Model (1) with discrete input factors and
discrete-time output:

(i) the sensitivity index of factorial term w ðwa|Þ for the kth
principal component is defined by

SIw,k ¼
SSw,k

lk
where SSw,k ¼ JSwhkJ

2;

(ii) the first order sensitivity index of Zj for the kth principal
component corresponds to the main effect of Zj (w¼ fjg), and
so is defined by FSIZj ,k ¼ SIfjg,k;
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