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a b s t r a c t

Free vibration analysis and eigenvalues sensitivity analysis of composite laminates with interfacial
imperfection are investigated based on the radial point interpolation method (RPIM) in Hamilton system.
The governing equation of the free vibration analysis and eigenvalues sensitivity analysis are both
reduced by the spring-layer model and modified Hellinger–Reissner (H–R) variational principle. The ana-
lytical method (AM), semi-analytical method (SA) and the finite difference method (FD) are used for the
eigenvalues sensitivity analysis in Hamilton system. Extensive numerical results are used to show the
effects of variations in the material properties and shape parameters of the composite laminates on
the response quantities and sensitivity coefficients of natural frequencies. A major advantage of the gov-
erning equation sets is that the interfacial imperfection of composite laminated plates is taken into
account.

� 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Composite materials are used in almost all aspects of the indus-
trial and commercial manufacturing fields of aircraft, ship, com-
mon vehicle and other high performance structures due to their
high specific stiffness and strength, excellent fatigue resistance,
longer durability as compared to metallic structures, and ability
to be tailored for specific applications. The rapidly growing appli-
cations of composite materials have led to intensive study of the
dynamic behavior and dynamics optimization under various con-
ditions. Structural sensitivity concerns the relationship between
design parameters and structural behaviors characterized by a re-
sponse function. It is well known that the sensitivity analysis plays
an important role in the general structural optimization. Using
information obtained from design sensitivity analysis one can im-
prove design greatly. Consequently, sensitivity analysis is currently
one of the major research trends in computational mechanics.

Different plate theories have been developed for dynamics re-
sponse analysis and sensitivity analysis of composite laminates.
In these theories of dynamics for laminated thick plates, transverse
shear deformation is very important such that some improved for-
mulations which account for the deformation and rotator inertia
have to be introduced in the analysis of dynamics. Since the above
theories are established on some hypothesis, only partial funda-
mental equations can be satisfied and some of the elastic constants
cannot be taken into account. Therefore, the errors will increase as

the thickness of plate increases and the stress at interface cannot
be exactly calculated.

In recent years, the state-vector equation in Hamilton system,
which is employed in the analysis of control systems of current
significance, has attracted the attention of a number of investiga-
tors who are interested in the problems of laminated structures
[1–16]. In the state-vector equation, two types of variables (i.e.,
the transverse stresses and displacements) are synchronously
considered in the control equation. And the thick plates/shells or
the laminated plates/shells problems can be treated without any
assumptions regarding displacements and stresses. The approach
to interlaminar continuity is different from some of the Zig-Zag
strategies. Due to the transfer matrix technique being employed,
the solution provides an exact continuous transverse stresses and
displacement field across the thickness of laminated structure. An-
other significant difference from the classical layer-wise methods
is that the scale of the final governing equation system is indepen-
dent of the thickness and the number of layers of a structure.
Therefore, the state-vector equation is adopted for the free vibra-
tion analysis and eigenvalues sensitivity analysis of composite
laminates with bonding imperfections in this paper.

In addition, interfacial imperfection is usually not taken into ac-
count in the traditional theory of structural analysis of composite
laminates. However, multifarious interlaminar debondings like
microcracks, inhomogeneities, and cavities may be introduced into
the bond in the process of manufacture or service. During the ser-
vice lifetime, these tiny flaws can get significant. To avoid the local
failure of bond or the whole collapse of structure, therefore, the ef-
fect of imperfect interfaces on the structural behavior should be
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accurately evaluated. Some researchers presented the theory work
on this problem, but it was only focused on the analytical methods
and traditional numerical methods [17–19]. In recent years, Chen
[20–23] has used the analytical methods and numerical methods
to research the problem of interfacial imperfection for composite
laminated plates in Hamilton system.

The objective of the present paper is to research the problem of
the free vibration analysis and eigenvalues sensitivity analysis of
composite laminates with interfacial imperfections based on the
meshless method, the state-vector equation and the spring-layer
model. Furthermore, the analytical method (AM), semi-analytical
method (SA) and the finite difference method (FD) are developed
for the eigenvalues sensitivity analysis in Hamilton system.

2. Meshless formulistic of Hamilton canonical equation and the
spring-layers

2.1. Interpolation using radial basis functions

Consider a continuous function u(x) defined on a 2D domain X
has a set of suitably located nodes in it. An interpolation of u(x) in
the neighborhood of a point XQ using RBFs and polynomial basis is
written as [24]:

uðxÞ ¼
Xn

i¼1

RiðxÞai þ
Xm

j¼1

pjðxÞbj ¼ RTðxÞaþ pTðxÞb ð1Þ

with the constraintXn

i¼1

pjðxÞai ¼ pT
mðxÞa ¼ 0; j ¼ 1;2; � � � ;m ð2Þ

here, Ri(x) is a radial basis function associated with node i (i.e., for
the modified multiquadrics (MQ) used in this present work,
RðxÞ ¼ ½r2

i þ ðacdcÞ2�q, where ac and q are shape parameters, and dc

is a characteristic length that relates to the nodal spacing in the local
support domain of the point of interest x, and it is usually the aver-
age nodal spacing for all the nodes in the local support domain); n is
the number of nodes in the neighborhood of XQ, pj(x) is a monomial
in the space coordinates xT = [x, y]; m is the number of monomial ba-
sis functions (usually m < n); ai(xQ) and bj(xQ), which varies with the
point XQ, are coefficients for Ri(x) and pj(x), respectively.

In utilizing radial basis functions, several shape parameters
need to be determined for good performance. In general, these
parameters can be determined by numerical examinations for gi-
ven types of problems. For example, Wang and Liu left the param-
eter q open to any real variable, and found that q = 0.98 or 1.03 led
to good results in the analysis of two-dimensional solid and fluid
mechanics problems in the Lagrangian system [25,26]. In the pres-
ent work, the optimum values of the shape parameters are ob-
tained by repetitious numerical experimentation for the present
three-dimension model. We adopt the optimum values of shape
parameters for the MQ determined as ac = 0.03 and q = 1.03.

Requiring that the function u(x) given by Eq. (1) equals its value
at n nodes in the vicinity of the point XQ, we get a set of simulta-
neous linear algebraic equations for the coefficients ai(xQ) and
bj(xQ).

If the constraint (2) is satisfied at the same time, a linear equa-
tion group including n + m equations can be obtained for the coef-
ficients ai(xQ) and bj(xQ). With the solution of this linear equation
group, Eq. (1) can be written as follows:

uðxÞ ¼ UTðxÞUs ¼
Xn

i¼1

/iui ð3Þ

where UT(x) = {u1(x), u2(x), � � �, un(x)} is the RPIM shape func-
tion with respect to displacement volume of the field node [24].
Us = [u1 u2 � � � un] is the values at the field node.

2.2. Meshless formulistic of Hamilton canonical equation

For isotropic, orthotropic or anisotropic elasticity solids, the
modified H–R variational principle in three-dimensional Cartesian
coordinate system can be expressed as [20–22]:

dP ¼ d
ZZZ

V
ð�PT�Q ;z � HÞdV þ d

Z Z
SA

tðkT
1Bp�q � kT

0B�pqÞdS ð4Þ

where Q = [u v w]T, uvw are the total displacement components
along (x, y, z) coordinates, respectively. P = [rxz ryz rzz]T, rxz, ryz

and rzz are the out-of-plane (i.e., transverse) stresses. The super-
script T signifies a matrix transposition. H is Hamiltonian. V is re-
ferred to the volume considered. SA is the surface over the
volume. Bp�q ¼ ½ pxðu� �uÞ pyðv � �vÞ pzðw� �wÞ �T, pi(i = x, y, z) are
the stress boundary conditions in three coordinate directions,
respectively. �u, �v and �w are the prescribed displacement boundary
conditions along (x, y, z) coordinates, respectively. B�pq ¼
½�pxu �pyv �pzw�T, �piði ¼ x; y; zÞ are the prescribed stress boundary
conditions in the (x, y, z) directions, respectively. k1 ¼
½kx � 1 ky � 1 kz � 1�T and k0 ¼ ½kx ky kz�T are the characteristic
coefficients which are introduced especially, in which the values
of kiði ¼ x; y; zÞ are 1 or 0. kiði ¼ x; y; zÞ ¼ 1 refers to the stress
boundary cases in three coordinates directions, respectively.
kiði ¼ x; y; zÞ ¼ 0 refers to the displacement boundary cases in three
coordinates directions, respectively.

By using RPIM shape function, P and Q at any point can be writ-
ten as follows:

P
Q

� �
¼

N 0
0 N

� �
Pe

Q e

� �
ð5Þ

where N = diag[U]3�3; Pe ¼ ½re
xzðzÞ re

yzðzÞ re
zzðzÞ�

T; Q e ¼ ½ueðzÞ veðzÞ
weðzÞ�T.Substitution for P and Q from Eq. (5) into Eq. (4), applying
the tools of variational calculus and integrating, an equation set
including two equations can be reduced from the first term of Eq.
(4). Applying the tools of variational calculus and integrating by
parts, the meshless formulistic of Hamilton canonical equation
can be obtained from this equation set as follows:

C 0
0 C

� �
d
dz

PeðzÞ
Q eðzÞ

� �
¼ AT

11 A12

A21 �A11

" #
PeðzÞ
Q eðzÞ

� �
þ

Ne

0

� �
ð6Þ

where C = CT =
R
X NTN dxdy, AT

11 ¼
R

XðG1NÞTNþðG2NÞTv21Ndxdy,
A12 ¼

R
XðG2NÞTvT

22ðG2NÞ �NTXNdxdy, A21 =
R
X NTv11N dxdy, Ne =R

X NTF dxdy. F ¼ �½fx f y f z�
T denotes the vector of the body forces.

For the isotropic and orthotropic materials, the matrices G1, G2,
v11, v21 and v22 are given in Eqs. (A.1) and (A.2).

From Eqs. (6) and (4), the boundary term can be reduced to the
following form:

d
Z Z

SA

ðkT
1Bp�q � kT

0B�pqÞdS ¼ d
Z Z

SA

ðG3PÞT þ ðG4Q ÞT
� �

ðQ � �Q Þ
�

� ðK0 �pÞTQ
�

dS ð7Þ

Here, Pe ¼ ½�re
xzðzÞ �re

yzðzÞ �re
zzðzÞ�

T; Q e ¼ ½�ueðzÞ�veðzÞ �weðzÞ�T; K0 ¼
diag½kxkykz�; The explicit forms of the matrices G3, G4 and K0 are
given in Eq. (A.3).

Substituting Eq. (5) into Eq. (7) and then carrying out variations,
the matrix form of boundary term is:

BT
11 B12

0 �B11

" #
PeðzÞ
Q eðzÞ

� �
þ
I

SA

�NTK0 �ðG4NÞT

0 ðG3NÞT

" #
Pe

Q e

( )
dS ð8Þ

where BT
11 ¼

H
SA
ðG3NÞTNdS; B12 ¼

H
SA

NTðG4 þ GT
4ÞNdS.

Add Eq. (8) to the right hand side of Eq. (6), a total meshless for-
mulistic of Hamilton canonical equation can be reduced. For the
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