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abstract
In this paper, we consider a model which describes the dynamics of an amphibian
population where individuals are divided into juveniles and adults. We derive sensitivity
partial differential equations for the sensitivities of the solution with respect to the
reproduction and mortality rates for adults. We also present numerical results to show
the application of these equations to an amphibian population of green tree frogs (Hyla
cinerea).
© 2011 Elsevier Ltd. All rights reserved.

1. Introduction
In this paper, we consider the following structured juvenile–adult population model:
Jt (a, t ) + Ja (a, t ) + ν(a)J (a, t ) = 0,

(a, t ) ∈ (0, ā) × (0, T ),

At (x, t ) + (g (x)A(x, t ))x + µ(ϕ(t ))A(x, t ) = 0,

(x, t ) ∈ (x, x̄) × (0, T ),

J (0, t ) =

x̄



β(ϕ(t ))A(x, t )dx,

t ∈ (0, T ),

x

g (x)A(x, t ) = J (ā, t ),

t ∈ (0, T ),

J (a, 0) = J0 (a),

a ∈ [0, ā],

A(x, 0) = A0 (x),

x ∈ [x, x̄],

(1.1)

where J (a, t ) and A(x, t ) denote the density of juveniles of age a and adults of size x at time t, respectively, ā denotes the age
at which juveniles metamorphose into adults of minimum size x, and x̄ denotes the maximum size of adults. The function

ϕ(t ) =

 x̄

A(x, t )dx is the total population of adults. The parameters ν and µ are the mortality rates for juveniles and
x
adults, respectively. The functions g and β are the growth and reproduction rates for adults, respectively. Motivated by
an amphibian population of green tree frogs (Hyla cinerea), we recently developed such a model in [1]. We assumed that
juveniles live in an environment with abundant resources and thus do not compete, while adults live in an environment
with limiting resource and thus competition between them takes place. We then established existence–uniqueness results
and discussed the long-time behavior of the solution of the model via a comparison principle.
Our objective here is to conduct sensitivity analysis for model (1.1). The importance of sensitivity equations has long
been recognized as they provide a measure of model response (output) to variation in the underlying model parameters
(e.g., see [2,3] and the references therein). The derivation of sensitivity equations for discrete structured population models
(matrix models) has received a great deal of attention in the past few decades (see [2] and the many references therein).
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However, little work has been done on the derivation of sensitivity equations for continuous structured population models
which are of Mckendrick–von Foerster partial differential equations type. Such equations are useful for computing variances
of estimated model parameters from observation data (e.g., see, [4–7]). Our motivation comes from paper [8], wherein
sensitivity partial differential equations were derived for the following linear size-structured population model:
ut (x, t ) + (g (x)u(x, t ))x + µ(x)u(x, t ) = 0,
g (0)u(0, t ) =



x̄

β(x)u(x, t )dx,

(x, t ) ∈ (0, x̄) × (0, T ),
t ∈ (0, T ),

0

u(x, 0) = u0 (x),

(1.2)

x ∈ [0, x̄].

There are two main differences between models (1.2) and (1.1). First, (1.2) is a single equation model, but (1.1) is a system
of coupled equations. Second, the vital rates in (1.2) are linear, but the reproduction and mortality rates for adults in (1.1)
are dependent on the total population of adults. Due to the different structure of model (1.1), the situation becomes more
complicated, and certain techniques used for (1.2) seem not applicable to (1.1).
The paper is organized as follows. In Section 2, we establish an existence result for directional derivatives with respect to
parameters. In Section 3, we derive sensitivity partial differential equations for the sensitivities of the solution with respect
to the reproduction and mortality rates for adults. In Section 4, we make numerical simulations to apply these equations to
the population of green tree frogs.
2. Existence of the directional derivative
To carry out our sensitivity analysis, we assume that the parameters in (1.1) satisfy the following assumptions:
(A1)
(A2)
(A3)
(A4)
(A5)
(A6)

g ∈ C 1 [x, x̄]. Furthermore, g (x) > 0 for x ∈ [x, x̄) and g (x̄) = 0.
ν ∈ L∞ (0, ā) is nonnegative.
µ ∈ C 1 [0, ∞) is nonnegative with µ′ ≥ 0.
β ∈ C 1 [0, ∞) is nonnegative with β ′ ≤ 0.
J0 ∈ L∞ (0, ā) is nonnegative.
A0 ∈ L∞ (x, x̄) is nonnegative.

We first introduce the solution representation for problem (1.1) via the method of characteristics. For the first equation
in (1.1), the characteristic curves can be easily obtained. For the second equation in (1.1), the characteristic curves are
given by


d

 t ( s) = 1
ds

(2.1)


 d x(s) = g (x(s)).
ds

Under assumption (A1), Eq. (2.1) has a unique solution for any initial point (x(s0 ), t (s0 )). Parameterizing the characteristic
curves with the variable t, then a characteristic curve passing through (x̂, t̂ ) is given by (X (t ; x̂, t̂ ), t ), where X satisfies
d
dt

X (t ; x̂, t̂ ) = g (X (t ; x̂, t̂ ))

and X (t̂ ; x̂, t̂ ) = x̂. By (A1) the function X is strictly increasing, and therefore a unique inverse function Γ (x; x̂, t̂ ) exists.
Let G(x) = Γ (x; x, 0), then (x, G(x)) represents the characteristic curve passing through (x, 0), and this curve divides the
(x, t )-plane into two parts. Hence, the solution of (1.1) can be represented as follows:
a

 
J (a, t ) = J0 (a − t ) exp −

ν(σ )dσ



if t ≤ a,

(2.2)

a −t
a

 

J (a, t ) = β(ϕ(t − a))ϕ(t − a) exp −

ν(σ )dσ



if t > a,

(2.3)

0
t

 

A(x, t ) = A0 (X (0; x, t )) exp −

[gx (X (τ ; x, t )) + µ(ϕ(τ ))]dτ



if t ≤ G(x),

(2.4)

0

A(x, t ) =

J (ā, Γ (x; x, t ))
g (x)

 
exp −

t

Γ (x;x,t )

[gx (X (τ ; x, t )) + µ(ϕ(τ ))]dτ



if t > G(x).

(2.5)

Integrating (2.4)–(2.5) with respect to x, we obtain an integral representation for ϕ(t ):

ϕ(t ) =


0

t

  t

  t

 x̄
J (ā, τ ) exp −
µ(ϕ(s))ds dτ +
A0 (ξ ) exp −
µ(ϕ(s))ds dξ .
τ

x

0

(2.6)

